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Executive Summary & Critical Preface

This compendium brings together the complete five-monograph research suite on historical keyboard intonation, nineteenth-
century acoustics, and historically informed performance practice, centered on a complete performance of Johannes Brahms's
Six Pieces for Piano, Op. 118 (1893).

Across five comprehensive studies, this volume addresses:

1. Chapter 1 (Tonal Dramaturgy): The macro-dramaturgical tension arc of Op. 118 under Bradley Lehman's 2005 circulat‐
ing well-temperament, contrasting the "Canyon of Serenity" (No. 5 F major @ 2.92 bps) with the "Summit of Dies Irae"
(No. 6 Eb minor @ 15.68 roughness).

2. Chapter 2 (1885 Vienna Pitch Conference & Verdi 432): Archival deconstruction of European pitch inflation, restor‐
ing Verdi's 1884 vocal health petition to its true organological context.

3. Chapter 3 (Painted Keys): Mapping the 360° Spectral Circle of Fifths to the Five Acoustic Agitation Zones.

4. Chapter 4 (Technician Field Guide): A master 13-step aural sequence and ETD offset matrix for setting Lehman at
A=432 Hz on the modern concert grand.

5. Chapter 5 (Acoustic Agitation as Harmonic Syntax): Computational modeling of time-series sensory roughness
across master keyboard cycles by Bach, Chopin, and Brahms.

6. Chapter 6 (The Imagination Suite): High-resolution full-page plates of 3D Acoustic Topography, Chromatic Phase-
Space Orbits, Cochlear Waveform Envelopes, Multi-Temperament Starfields, and the Synaesthetic Score-Roll.
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Chapter 1: Tonal Dramaturgy in Unequal Temperament
(Brahms Op. 118)

Tonal Dramaturgy in Unequal Temperament: Re-illumi‐
nating Brahms’s Op. 118 at A=432 Hz in Lehman's

Circulating Well-Temperament
Author: Willis Miller

Affiliation: University of New Mexico / CAUT Tools / UnequalTemperament.com

Classification: Research Monograph & Performance Practice Dissertation

Keywords: Johannes Brahms, Op. 118, Bradley Lehman, Well-Temperament, A=432 Hz, Historical Performance Practice,
Equal Temperament, Streicher Piano, Key Characteristics

Abstract

This study investigates the performance practice and acoustic implications of performing Johannes Brahms’s Six Pieces for Piano,
Op. 118 (1893) at  in Bradley Lehman’s 2005 reconstruction of Johann Sebastian Bach’s circulating well-tempera‐
ment. Conventional 20th-century musicological orthodoxy posits that Twelve-Tone Equal Temperament (12-TET) was univer‐
sally established across Europe by the mid-19th century, and that performing late-Romantic literature in unequal temperaments
is anachronistic. Through archival analysis of 19th-century piano technician treatises (Claude Montal, Alexander Ellis, Johann
Baptist Streicher shop records), we demonstrate that actual bench tuning in late-nineteenth-century Vienna consistently de‐
parted from theoretical equality, frequently exhibiting "quasi-equal" and lingering key-colored characteristics.

Furthermore, we document Brahms’s exceptional historical consciousness as an editor for the Bach-Gesellschaft, co-editor of
François Couperin’s keyboard works with Friedrich Chrysander, and owner of an 1868 straight-strung Streicher grand piano
(No. 6713). By modeling the exact interval matrix of Lehman’s temperament—where major third widths vary between

 (  and ) and  ( )—we reveal that Brahms’s cyclic tonal layout across Op. 118 creates
a profound macro-tonal dramaturgy. Rather than six interchangeable keys, the cycle progresses from the passionate, congealing
tensions of A minor and C major (No. 1) and shimmering lyrical warmth of A major (No. 2,  at ), through
the dense clarity of G minor (No. 3) and canonic dread of F minor (No. 4), into an extraordinary acoustic sanctuary of celestial
calm in F major (No. 5, where the  third beats at a serene ), before terminating in the raw, beating
apocalyptic catastrophe of the E-flat minor Dies Irae (No. 6). Tuning at  relieves 3.6% of soundboard downbearing
stress, facilitating tenor resonance and softening attack glare. We conclude that this performance setup constitutes a legitimate,
historically grounded counterfactual experiment that restores expressive tonal hierarchy to late Brahms.

A = 432 Hz

392.18 cents F–A C–E 405.87 cents E–G♯

A–C♯ 403.91 cents

F–A 2.92 beats/second
A = 432 Hz
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1. Historiographical Prolegomena: The 1893 Equal Temperament Orthodoxy vs.
Historical Bench Practice

Standard twentieth-century music history textbooks present the evolution of musical intonation as a teleological narrative: fol‐
lowing centuries of mathematical experimentation with Pythagorean intonation, quarter-comma meantone, and eighteenth-
century well-temperaments, Western art music supposedly reached its definitive, permanent consensus in Twelve-Tone Equal

Temperament (12-TET) during the first half of the nineteenth century.[1] In this received view, by the time Johannes Brahms
composed his Six Pieces for Piano, Op. 118 in the summer of 1893 at Bad Ischl, equal temperament was an absolute, unquestioned

reality across Europe.[2] Consequently, performing late-nineteenth-century repertoire in any unequal intonation system is wide‐
ly regarded by mainstream conservatories as anachronistic heresy.

However, this orthodox consensus conflates prescriptive mathematical theory with practical aural execution.[3]

While nineteenth-century textbooks, acoustics manuals, and conservatory syllabi certainly prescribed equal temperament as
the normative ideal, workshop tuners possessed no electronic pitch standards, stroboscopic tuners, or frequency counters.
Setting equal temperament on an acoustic keyboard instrument requires the technician to narrow every fifth by exactly  of a
Pythagorean comma ( ), distributing that debt across the temperament octave so that all contiguous major thirds

expand at an imperceptibly smooth, exponential acceleration.[4] In the absence of digital verification, historical tuners set tem‐
peraments entirely by ear, listening to the interaction of coincident partials and counting beating speeds.

Empirical evidence from the late nineteenth century demonstrates that realized piano tunings routinely departed from
mathematically strict equal temperament. The monumental field measurements compiled by British philologist and math‐

ematician Alexander J. Ellis between 1875 and 1885 provide conclusive evidence.[5] In his extensive translation and expansion of
Hermann von Helmholtz’s Die Lehre von den Tonempfindungen, Ellis published precise tonometrical measurements of pianos
tuned by leading European technicians, including senior tuners from John Broadwood & Sons in London and major workshops

in Vienna and Paris.[6] Ellis demonstrated that while technicians claimed and sincerely intended to tune equal temperament,
their actual instruments exhibited systemic, reproducible inequalities. Fifths in the diatonic center were frequently tempered
more heavily than chromatic fifths, resulting in major thirds that were measurably sweeter in common keys ( ) and

noticeably wider and harsher in remote keys ( ).[7]

This historical disparity was systematically analyzed by piano technician and historian Fred Sturm, RPT, in his critical re-

evaluation of Owen Jorgensen’s scholarship.[8] While Jorgensen argued in Tuning (1991) that nineteenth-century technicians
consciously preserved eighteenth-century well-temperaments under names such as "Victorian well-temperament" or "quasi-
equal temperament," Sturm demonstrated that many of these surviving tunings were not deliberate revivals of Baroque

schemes, but the inevitable acoustic byproduct of aural tuning habits.[9] When a tuner sets a temperament circle using fifths,
fourths, and octave checks, natural perceptual thresholds make it far easier to achieve smooth consonance in the diatonic cen‐
ter while shunting unavoidable accumulated errors into remote flat and sharp keys.

Claude Montal’s seminal 1836 treatise L’art d'accorder soi-même son piano—the definitive 19th-century text on practical piano

tuning, which went through multiple expanded editions through 1865—explicitly illustrates this transitional mindset.[10] While
Montal championed equal temperament as the necessary intonation for modern chromatic modulation, his practical instruc‐
tions describe aural tuning sequences that inherently produced lingering key coloration. Montal acknowledged that many
tuners deliberately favored the primary home keys, leaving remote harmonies slightly wider and more energetic to preserve

what he described as the "variety of expression" inherent in different tonalities.[11]

Therefore, the historical question facing the modern performer is not whether Brahms intended a Baroque temperament on
his piano in 1893—he did not—but whether late-nineteenth-century pianos sounded with the sterile, mathematical homogene‐

​12
1

≈ 1.955 cents

C,G,D,F
B,F♯,C♯
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ity of modern digital 12-TET. The documentary record confirms they did not. Realized 19th-century piano acoustics inhabited
an intermediate, living landscape where tonal centers retained tactile, audible shades of harmonic friction.

2. Johannes Brahms: Antiquarian, Scholar-Collector, and Performer

If the acoustic reality of the late nineteenth century permitted subtle harmonic inequalities, the intellectual profile of Johannes
Brahms makes him an exceptionally compelling subject for an historically informed counterfactual experiment. Far from being
a naive Romantic composer writing exclusively for the modern concert hall, Brahms was arguably the most historically erudite

musical scholar of the nineteenth century.[12]

2.1 The Scholar-Editor: Couperin, Handel, and Bach

Brahms’s immersion in pre-Classical and Baroque repertoire went far beyond the casual acquaintance common among his con‐
temporaries. His scholarly credentials were formidable:

1. The Couperin Complete Edition (1888): In collaboration with the pioneering Handel scholar Friedrich Chrysander,

Brahms co-edited the four volumes of François Couperin’s Pièces de Clavecin for Augener’s edition in London.[13] This was
not an honorary credit; Brahms actively studied Couperin’s ornamentation, dance structures, and performance instruc‐
tions from L'art de toucher le clavecin (1716), a treatise fundamentally rooted in unequal meantone and modified tempera‐

ments.[14]

2. Handel Continuo Realization (1870): Brahms assisted Chrysander in preparing the critical edition of Georg Friedrich

Händel’s Italian duets and trios, personally drafting and publishing stylistic basso continuo realizations.[15]

3. The Bach-Gesellschaft and Philipp Spitta: Brahms was an active subscriber and member of the Bach-Gesellschaft,

which published the monumental 46-volume critical edition of J.S. Bach’s complete works between 1851 and 1899.[16]

Brahms corresponded extensively with the great Bach biographer Philipp Spitta, offering detailed source criticisms, coun‐
terpoint corrections, and performance advice. Surviving manuscripts in the Brahms-Institut in Lübeck and the archive of
the Gesellschaft der Musikfreunde in Vienna show Brahms’s personal annotations on original 18th-century Bach sources,
including an original 1730 print of Bach’s Fifth Partita in G major (BWV 829) acquired in 1855, and Spitta’s working man‐

uscript of the cantata Nach dir, Herr, verlanget mich (BWV 150), in which Brahms corrected copyist errors in red pencil.[17]

As musicologist Walter Frisch has observed, historical music was not an antiquarian museum object for Brahms; it was the

living bloodstream of his compositional technique.[18] His late piano works, including Op. 118, are saturated with archaic proce‐
dures: strict canons at the octave (Op. 118 No. 4), chaconne/passacaglia-like variations over recurring ground-basses (Op. 118

No. 5), and plainsong liturgical cantus firmi (the Dies Irae contour in Op. 118 No. 6).[19] Brahms was intimately aware that this
contrapuntal language was conceived in an era when keys possessed distinct physical personalities governed by unequal
temperaments.

2.2 Brahms’s Pianos: The 1868 Streicher Grand (No. 6713)

Brahms’s attitude toward keyboard sonority was inextricably linked to the instruments he chose for his daily work. From 1872
until his death in 1897, Brahms’s primary piano in his modest three-room apartment at Karlsgasse 4 in Vienna was an 1868

Streicher grand piano (Serial No. 6713), gifted to him by the manufacturer Johann Baptist Streicher.[20]

The 1868 Streicher was radically different in mechanical design, acoustic scaling, and tonal balance from a modern cross-

strung Steinway or Yamaha concert grand:[21]
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Straight-Strung Scaling: All strings ran parallel along the length of the soundboard. The bass strings were not cross-
strung (overstrung) over the tenor bridge, eliminating the acoustic masking and homogenized blend characteristic of mod‐
ern instruments.

Differentiated Registers: As pianist and scholar Camilla Cai has documented in her organological studies of surviving
Streicher pianos, Streichers possessed starkly differentiated register colors: a deep, woody, transparent bass; a warm,

speech-like tenor; and a silvery, unforced treble.[22] Individual contrapuntal lines in polyphonic textures remained distinct
without requiring exaggerated dynamic effort from the performer.

Light Viennese Action: The instrument utilized the traditional Viennese hammer action (Wiener Mechanik), featuring
smaller, lighter hammers covered in leather and thin felt, providing an immediate, shallow key dip (~6 mm vs modern 10
mm) and exceptionally quick articulation.

Low Tension Composite Frame: The Streicher was built with an iron-reinforced wooden frame rather than a one-
piece cast-iron plate, carrying significantly lower aggregate string tension.

When Brahms composed Op. 118 in Bad Ischl in 1893 and reviewed the proofs at his Streicher in Vienna, his acoustic refer‐
ence was not a booming, high-tension modern instrument, but a transparent, register-differentiated piano whose physical voice

rewarded subtle nuances of harmonic inflection.[23]

3. Mathematical Physics & Interval Geometry of Lehman's 1722 Well-
Temperament

To investigate how Op. 118 responds to historical key color, we apply the circulating well-temperament reconstructed in 2005

by American harpsichordist and mathematician Bradley Lehman.[24]

3.1 The Lehman Decoding and the Bach Controversy

In two articles published in Early Music, Lehman proposed that the calligraphic decorative scroll inscribed across the top of the
title page of J.S. Bach’s 1722 autograph of Das Wohltemperirte Clavier (Book I) was not mere ornamentation, but an explicit math‐

ematical tuning cipher.[25] Lehman decoded the eleven loops of the scroll as follows:

Five loops with double internal curls: Represent five fifths narrowed by  of a Pythagorean comma (
): . Each fifth measures  (1.955 cents nar‐

rower than equal temperament).

Three plain, empty loops: Represent three pure fifths:  ( , 1.955 cents wider than
equal temperament).

Three loops with single internal curls: Represent three fifths narrowed by  of a Pythagorean comma: 
 and  ( , identical to equal temperament).

The Closing Fifth: The final fifth  absorbs the remaining mathematical discrepancy, measuring
 (  wide).

       1/6 PC narrow            Pure          1/12 PC narrow       1/12 wide
[F — C — G — D — A — E] — [E — B — F# — C#] — [C# — G# — D# — A#] — [Bb — F]
       (5 fifths)              (3 fifths)        (3 fifths)        (1 fifth)

​6
1 PC ≈

23.460 cents F − C − G − D − A − E 701.955 − 3.910 = 698.045 cents

E − B − F♯ − C♯ 701.955 cents

​12
1 C♯ − G♯ −

D♯ D♯ − A♯ 700.000 cents

B♭ − F
703.910 cents + ​ comma12

1
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Figure 1.1: Comma distribution ring of Bradley Lehman's 2005 reconstruction of the 1722 WTC title-page cipher, showing the five 1/6-comma fifths (blue), three pure
fifths (green), three 1/12-comma fifths (amber), and closing fifth (purple).

Lehman’s thesis was subjected to intense academic debate in Early Music. Eminent musicologists and tuning scholars, no‐
tably Mark Lindley, Ibo Ortgies, and John O'Donnell, questioned whether the loops were intended by Bach as a precise tuning
manual, pointing out ambiguities in the loop counting and arguing that Bach’s tuning was more likely a flexible, ear-guided

process.[26] In recognition of this legitimate scholarly dispute, this monograph does not claim that Lehman’s reconstruction is
the definitively proven, exclusive tuning of J.S. Bach. Rather, we treat it under its rigorous designation: Bradley Lehman's

2005 circulating well-temperament.[27]

Regardless of its 1722 attribution, Lehman’s temperament represents an exceptionally elegant, mathematically closed circu‐
lating system that avoids all wolf intervals while establishing a gradual, logical continuum of major-third colors across all 24

keys.[28]
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3.2 The Exact Interval Matrix of Lehman's Temperament

In any twelve-tone tuning system, the perceptual "brightness," "sweetness," or "roughness" of a major triad is governed by the
width of its constituent major third relative to pure Just Intonation ( ) and Twelve-Tone Equal

Temperament ( ):[29]

In Lehman’s temperament, the twelve major thirds are distributed across four distinct acoustic tiers:

Major
Third

Physical Pitch
Classes

Cents Width
Difference from
Pure (386.3c)

Difference from 12-
TET (400.0c)

Acoustic Character

Sublime calm; organ-like
purity

Clear, restful, devout
repose

Gentle warmth; pastoral
sweetness

Clean, grounded resonance

Standard ET width; bright
vigor

Standard ET width; noble
gravity

Somber; mournful tension

 (
)

Brilliant, resplendent,
active

Shimmering lyrical
warmth; vocal pulse

 ( ) Pungent, intense, yearning

 (
)

Remote brilliance; cutting
edge

Ecstatic agitation; maxi‐
mum beating

5 : 4 = 386.314 cents
400.000 cents

ΔM3 = Interval Cents − 386.314 cents

F − A F − A 392.180 cents +5.866 c −7.820 c

C − E C − E 392.180 cents +5.866 c −7.820 c

G − B G − B 396.090 cents +9.776 c −3.910 c

B♭ − D B♭ − D 398.045 cents +11.731 c −1.955 c

D − F♯ D − F♯ 400.000 cents +13.686 c 0.000 c

E♭ − G E♭ − G 400.000 cents +13.686 c 0.000 c

A♭ − C G♯ − C 401.955 cents +15.641 c +1.955 c

F♯ − A♯
F♯ − A♯
G♭–B♭ 401.955 cents +15.641 c +1.955 c

A − C♯ A − C♯ 403.910 cents +17.596 c +3.910 c

C♯ − E♯ C♯ − F D♭–F 403.910 cents +17.596 c +3.910 c

B − D♯ B − D♯
C♭–E♭

403.910 cents +17.596 c +3.910 c

E − G♯ E − G♯ 405.865 cents +19.551 c +5.865 c
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Figure 1.2: Major third widths in Lehman 1722 well-temperament sorted in ascending order of roughness, compared against pure Just Intonation (386.3 cents, green
dashed) and 12-TET (400.0 cents, gray dotted).

3.3 Psychoacoustics of Beating at A=432 Hz

When tuned at , the beating speeds of these major thirds in the core temperament octave ( ) diverge

radically from modern 12-TET:[30]

In 12-TET at ,  beats at , and  beats at .

In Lehman at ,  beats at an astonishingly calm —less than half the speed of mod‐
ern tuning!  beats at a tranquil .

Conversely,  beats at , and  beats at .

This mathematical distribution disproves the common misconception that an unequal temperament simply makes remote
keys "out of tune." All 24 keys in Lehman’s system are fully playable, but their acoustic texture changes systematically: diatonic
home keys possess deep, organ-like consonance, while chromatic and remote keys possess rapid, shimmering beating that gen‐

erates visceral emotional arousal.[31]

4. Movement-by-Movement Rhetorical Analysis of Brahms Op. 118

Brahms composed Op. 118 as a coherent, cyclic tonal journey:[32]

When heard through Lehman’s temperament, this tonal sequence ceases to be an abstract progression of pitch classes; it be‐
comes an acoustic pilgrimage through escalating and resolving states of physical tension.

A ​ =4 432.0 Hz F ​–F ​3 4

A = 440 Hz F ​–A ​3 3 6.98 beats/second C ​–E ​4 4 10.46 beats/second

A = 432 Hz F ​–A ​3 3 2.92 beats/second
C ​–E ​4 4 4.37 beats/second

A ​–C♯ ​3 4 11.03 beats/second E ​–G♯ ​4 4 18.36 beats/second

No. 1: A minor⟶ No. 2: A major⟶ No. 3: G minor⟶ No. 4: F minor⟶ No. 5: F major⟶ No. 6: E♭ minor
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graph LR
    N1["No. 1: A minor<br/>Pungent Appassionato<br/>Cadential C major (392c)"] --> N2["No. 2: A major<br/>Shimmeri
    N2 --> N3["No. 3: G minor<br/>Martial Bass Power<br/>Bb-D = 398c (6.5 bps)"]
    N3 --> N4["No. 4: F minor<br/>Canonic Dread<br/>Ab-C = 402c (9.3 bps)"]
    N4 --> N5["No. 5: F major<br/>Pastoral Sanctuary<br/>F-A = 392c (2.9 bps)"]
    N5 --> N6["No. 6: Eb minor<br/>Apocalyptic Dies Irae<br/>Storm in Gb/B (402-404c)"]

    style N5 fill:#d4edda,stroke:#28a745,stroke-width:2px;
    style N6 fill:#f8d7da,stroke:#dc3545,stroke-width:2px;

Figure 1.3: Macro-dramaturgical triad agitation curve across Brahms's Op. 118, contrasting the flat line of Equal Temperament (gray) with the dynamic arc of Lehman
well-temperament (red), highlighting the acoustic sanctuary of No. 5 (F major, ) and the apocalyptic climax of No. 6 (E-flat minor, ).

4.1 Intermezzo in A minor (No. 1): Allegro non assai, ma molto appassionato

Tonal Pole: A minor  C major.

Score Context: Measures 1–10; measures 30–41.

Acoustic Reality:

The piece opens with a dramatic, downward cascading arpeggiation that plunges across three octaves into a dark, unre‐
solved diminished-seventh chord over a  pedal point. In Lehman’s temperament, the tonic A minor harmony is taut: the ton‐
ic fifth  is narrowed by  comma ( ), while the minor third  is slightly wide ( ).

The dramatic revelation occurs in measure 5 and again at the final cadence (mm. 30–41), where the passionate storm resolves
into C major. In Lehman, the C major triad features the  major third ( ), beating at a peaceful .
Instead of the uniform brightness of 12-TET, the arrival of C major provides an immediate, palpable acoustic cushion of physi‐

cal stillness.[33] The music congeals; the restless beating of the diminished harmony dissolves into pure resonance. Brahms’s
molto appassionato is thus grounded not merely by dynamic contrast, but by an acoustic pivot from tension to profound
consolation.

Φ = 3.12 Φ = 15.68

⟷

G♯
A–E ​6

1 698.05c A–C 305.87c

392.18 cent C–E 4.37 bps
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Example 1.1: Johannes Brahms, Op. 118 No. 1 (Intermezzo in A minor, mm. 1–6). Downward passionate arpeggiation resolving into the congealing acoustic solace of
the cadential C major triad (  at , ).

4.2 Intermezzo in A major (No. 2): Andante teneramente

Tonal Pole: A major (outer sections)  F-sharp minor (middle section).

Score Context: Measures 1–48; measures 49–76 (Più lento).

Acoustic Reality:

Brahms marks this immortal lyric teneramente (tenderly). In equal temperament, pianists often struggle to prevent the open‐
ing theme from sounding overly static or sentimental. Under Lehman’s tuning, the tonic major third  measures

, beating at .[34]

This beat rate is critical:  is not sluggish or dead; it shimmers with a delicate, continuous acoustic pulse. The beating
acts as a natural vocal vibrato, giving the opening melodic sighs an unforced, breathing luminosity.

In the middle section (m. 49, Più lento), Brahms modulates to F-sharp minor, weaving a strict two-voice canon. Here,
Lehman’s fifth  is acoustically pure ( , ). The canonic voices float against an unclouded, glassy
background of zero beating. The contrast is sublime: A major provides glowing, vibrating warmth, while F-sharp minor provides

an inward, motionless spiritual sanctuary.[35]

C–E 392.2 cents 4.37 bps

⟷

A–C♯
403.91 cents 11.03 beats/second

A–C♯

F♯–C♯ 701.955 cents 0.0 bps
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Example 1.2: Johannes Brahms, Op. 118 No. 2. The opening tender theme (  at ,  shimmering pulse) contrasted with the middle-section
canon in F-sharp minor with its acoustically pure fifth  (  motionless sanctuary).

4.3 Ballade in G minor (No. 3): Allegro energico

Tonal Pole: G minor (outer sections)  B major (middle section).

Score Context: Measures 1–40; measures 41–72.

Acoustic Reality:

The Ballade is built on explosive, driving rhythmic gestures, with fortissimo chords voiced deep in the piano’s bass register (
). In standard 12-TET, playing dense thirds in this register causes severe acoustic roughness, forcing pi‐

anists to hold back pedal or soften their attack to prevent "muddy" distortion.[36]

In Lehman’s tuning, the relative major third  is narrowed to , beating at a clean  in the
tenor. The diatonic fifths  and  are narrowed, locking the low bass fundamental into tight, compact focus. The thick
chords ring with brass-like clarity and visceral physical punch.

In measure 41, Brahms shifts without warning into B major (l'istesso tempo). In Lehman, B major sits on the energetic side of
the temperament: the third  measures  ( ). The effect is electrifying: the piece leaps from the

solid, grounded martial power of G minor into an ecstatic, sparkling realm of remote harmonic light.[37]

A–C♯ 403.9 cents 11.03 bps
F♯–C♯ 0.0 bps

⟷

G ​–D ​–G ​–B♭ ​–D ​1 2 2 2 3

B♭–D 398.05 cents 6.50 bps
G–D D–A

B–D♯ 403.91 cents 12.38 bps
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Example 1.3: Johannes Brahms, Op. 118 No. 3 (Ballade in G minor). Martial opening chords (  at , ) followed by the sudden modula‐
tion to the ecstatic B major middle section (  at , ).

4.4 Intermezzo in F minor (No. 4): Allegretto un poco agitato

Tonal Pole: F minor (continuous imitative canon).

Score Context: Measures 1–51; measures 115–130.

Acoustic Reality:

As musicologist Caleb Mutch has shown, this piece is an extraordinary contrapuntal tour-de-force: a breathless, ghost-like

canon at the octave where Brahms systematically denies the listener a conventional, root-position authentic cadence ( ).[38]

In 18th- and 19th-century aesthetic treatises documented by Rita Steblin, F minor was universally described as the key of

"funereal lament, melancholy, and shuddering horror" (Schubart, Beethoven, Türk).[39] In Lehman’s temperament, the
minor third  is unusually compressed ( ), while the major third of the dominant, , is near-pure (

).

Because Brahms refuses to resolve his dominant chords into standard root-position cadences, the pure consonant pull of
 is repeatedly dangled before the listener, only to be sheared away by the restless, canonic entries of the compressed F mi‐

nor triad. As the imitative voices shift registers, the changing intervallic beating creates an unstable, spectral friction that per‐
fectly animates the un poco agitato marking.

B♭–D 398.1 cents 6.50 bps
B–D♯ 403.9 cents 12.38 bps

V –I

F–A♭ 296.09 cents C–E
392.18c

C–E
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Example 1.4: Johannes Brahms, Op. 118 No. 4 (Intermezzo in F minor, mm. 1–6). Ghost-like contrapuntal canon at the octave; compressed minor thirds (  at
) and evasive dominants generating visceral acoustic agitation.

4.5 Romanze in F major (No. 5): Andante

Tonal Pole: F major (outer sections)  D major (middle section).

Score Context: Measures 1–16; measures 17–44 (Allegretto grazioso).

Acoustic Reality:

This movement is the emotional and acoustic sanctuary of Op. 118. In 12-TET, an F major triad has a wide 400-
cent third beating at , sounding no different than any other major chord. In Lehman’s temperament, the major third

 measures , only  from pure Just Intonation.

At ,  beats at a serene .[40] This is a slow, majestic, almost imperceptible pulse.
The opening pastoral melody—with its double-thirds, gentle octave doublings, and pedal points—sounds like a Renaissance
consort of viols or a baroque organ in a resonant cathedral.

The internal architecture of the Romanze confirms Brahms’s dramatic intent. In measure 17 (Allegretto grazioso), the music
shifts to D major over a rustic bell-like ostinato. In Lehman,  measures exactly —precisely identical to
modern 12-TET! Thus, the middle section serves as a neutral, familiar acoustic contrast, highlighting the otherworldly, celestial
purity of the F major theme when it returns in measure 45.

F–A♭
296.1 cents

⟷

7.0 bps
F–A 392.18 cents 5.87 cents

A = 432 Hz F ​–A ​3 3 2.92 beats/second

D–F♯ 400.00 cents
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Example 1.5: Johannes Brahms, Op. 118 No. 5 (Romanze in F major, mm. 1–4). The acoustic sanctuary of Op. 118, featuring the near-pure major third  (
, ) delivering profound organ-like serenity.

4.6 Intermezzo in E-flat minor (No. 6): Andante, largo e mesto

Tonal Pole: E-flat minor  G-flat major / C-flat major / B major.

Score Context: Measures 1–40; measures 41–63 (sostenuto); measures 64–86.

Acoustic Reality:

The final Intermezzo is the tragic climax of the cycle. Keyed in E-flat minor (six flats), it inhabits what Christian
Friedrich Daniel Schubart characterized as the ultimate realm of tonal desolation: "Feelings of the anxiety of the soul’s deepest distress;

of brooding despair; of blackest melancholy."[41]

The solitary, unaccompanied opening motive explicitly quotes the liturgical chant for the dead: the Dies Irae.[42] In
Lehman’s system, E-flat minor resides at the far, dark perimeter of the circle of fifths. The minor third  measures

, sounding dark, veiled, and hollow.

In measure 41, the movement erupts into an apocalyptic storm marked sostenuto, modulating into G-flat major and C-flat
major (enharmonically B major). In Lehman’s temperament:

 ( ) widens to  ( ).

 ( ) widens to , beating at an intense .[43]

In standard 12-TET, this climactic middle section sounds loud, but acoustically smooth. In Lehman’s temperament, it
sounds physically hazardous. The wide, rapidly beating thirds and turbulent diminished chords produce a violent, jagged
acoustic shudder—a terrifying sonic rupture under the pianist’s hands. When the quiet Dies Irae theme returns in measure 64
over a rumbling, subterranean bass arpeggio, the listener is left in a state of desolate catharsis.

F ​–A ​3 3
392.2 cents 2.92 bps

⟷

E♭–G♭
298.05 cents

G♭–B♭ F♯–A♯ 401.96 cents 9.29 bps

C♭–E♭ B–D♯ 403.91 cents 12.38 beats/second
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Example 1.6: Johannes Brahms, Op. 118 No. 6 (Intermezzo in E-flat minor). The solitary Dies Irae motif followed by the apocalyptic middle-section storm in G-flat/C-
flat major with wide, violently beating thirds ( , up to ).

5. Acoustic Mechanics of Tuning to A=432 Hz on the Modern Grand

Performing Op. 118 in Lehman’s temperament is profoundly enhanced by lowering concert pitch from modern 
to .

5.1 Tension and Downbearing Physics

The pitch drop of approximately  ( ) alters the physical mechanics of the piano:

1. String Tension Reduction: Mersenne’s law dictates that tension  is proportional to the square of frequency ( ).
Therefore:

Lowering to  achieves an immediate  reduction in static string tension across all 230 strings.[44]

1. Relief of Soundboard Downbearing: On a nine-foot concert grand carrying approximately  ( )
of total tension, a  reduction removes roughly  of vertical crushing force from the soundboard bridges.
[45]

2. Enhanced Tenor Sustain: Relieving downbearing pressure allows the soundboard crown to flex more freely. Attack
transients lose their aggressive, percussive "glassiness," while the middle register (where Brahms weaves his rich contra‐

402–404 cents 12.4 bps

A ​ =4 440 Hz
A ​ =4 432.0 Hz

31.77 cents ≈ 1200 × log ​(432/440)2

T T ∝ f 2

​ =
T ​440

T ​432
​ ≈(

440
432

)
2

0.9640

432 Hz 3.60%

40, 000 lbs 18, 000 kg
3.6% 1, 440 lbs
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puntal voices) gains sustained vocal resonance.

Figure 1.4: Aggregate string tension and vertical bridge downbearing force comparison: modern 9-foot concert grand at A=440 Hz (black) vs A=432 Hz (blue) vs
Brahms's straight-strung 1868 Streicher piano (amber).

5.2 The Inharmonicity Factor

Acoustically, string inharmonicity is defined by the stiffness coefficient :

Lowering tension  while holding string geometry constant causes a theoretical  increase in .[46] This confirms
that  does not make piano strings "more harmonic" in isolation. Rather, the downward shift of string partials alters
their alignment with the fixed structural resonance modes of the soundboard and rim, resulting in a darker, more cohe‐
sive composite tone that closely mirrors the aesthetic of Brahms’s straight-strung Streicher.

6. Conclusion & Recital Defense

The decision to perform Johannes Brahms’s Op. 118 at  in Bradley Lehman’s 2005 circulating well-temperament is
not put forward as an uncritical claim of literal historical replication. Brahms did not compose with an ETD programmed to
Lehman 1722, nor was  the institutional average of late-nineteenth-century Vienna.

Instead, this performance stands as a rigorous, historically informed counterfactual experiment.[47] By combining
a documented nineteenth-century low-pitch reform proposal (championed by Giuseppe Verdi in 1884 to protect musical voices
from unchecked pitch inflation) with a circulating temperament from the Baroque world that Brahms revered and edited, we
strip away the twentieth century’s acoustic homogenization.

B

B = ​

64l T2
π Ed3 4

T +3.74% B
A = 432 Hz

A = 432 Hz

A = 432 Hz

Willis Miller · Master Temperament Compendium & Brahms Op. 118 Dossier UnequalTemperament.com / Miller

— 16 —



Heard in this intonation, Op. 118 ceases to be an undifferentiated set of character pieces. The music recovers its physical
dialectic between consonance and agitation:

The ardent yearning of A minor and shimmering tenderness of A major.

The clear, unclouded resonance of G minor.

The restless, funereal dread of F minor.

The sublime, celestial sanctuary of F major (beating at ).

And the terrifying, apocalyptic climax of E-flat minor.

In this acoustic environment, modulation is restored to its true physical reality: not merely an intellectual shift in pitch
space, but a visceral transformation in acoustic tension.

7. Critical Footnotes Apparatus

2.9 bps
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Chapter 2: Verdi, Boito, and the 1885 Vienna Pitch
Conference

Verdi, Boito, and the 1885 Vienna Pitch Conference:
Rescuing 19th-Century Low-Pitch Reform from

Esoteric Myth
Author: Willis Miller

Affiliation: University of New Mexico / CAUT Tools / UnequalTemperament.com

Classification: Historical Organology & Physical Acoustics Whitepaper

Keywords: Musical Pitch, Diapason Normal, Vienna Pitch Conference 1885, Giuseppe Verdi, Arrigo Boito, A=432 Hz,
A=435 Hz, Alexander Ellis, String Tension, Soundboard Downbearing

Abstract

In contemporary popular culture,  has become surrounded by pseudoscientific folklore—asserting that it repre‐
sents a "cosmic frequency," aligns with natural human biological resonance, or was suppressed by mid-twentieth-century politi‐
cal conspiracies. This whitepaper systematically deconstructs this esoteric mythology by examining the authentic nineteenth-
century archival and physical history of low-pitch reform in Europe. Through examination of the official proceedings of the
November 1885 International Pitch Conference in Vienna (Internationale Stimmton-Conferenz), the 1884 parlia‐
mentary records of the Senate of the Kingdom of Italy, and Alexander J. Ellis’s monumental tonometrical survey, we doc‐
ument the real historical forces governing late-nineteenth-century pitch standards.

We demonstrate that pitch throughout the nineteenth century was characterized by continuous upward escalation
(Stimmton-Erhöhung), reaching  in major European opera houses. The 1885 Vienna Conference convened
specifically to pull pitch downward toward the French Diapason Normal ( ). Within this context, Giuseppe Verdi’s
famous 1884 advocacy for  was grounded in the "scientific pitch" of Belgian acoustician Charles Meerens (

, where  in Pythagorean ratio), formulated strictly to protect vocal cord health and
establish international uniformity. Furthermore, we analyze the physical acoustics of lowering a modern concert grand piano
from  to , proving that static string tension decreases by , relieving over  of down‐
bearing force from the soundboard bridge, while string inharmonicity theoretically increases by . We conclude that
while  was not the dominant institutional standard of Vienna in 1893, it represents an authentic, mathematically
grounded nineteenth-century reform proposal that provides a compelling acoustic environment for late-Romantic keyboard
performance.

A ​ =4 432 Hz

A ≈ 449–456 Hz
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A = 432 Hz C ​ =3
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A = 440 Hz A = 432 Hz 3.60% 1, 400 lbs
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1. Introduction: The 19th-Century Pitch Crisis (Stimmton-Erhöhung)

In late-nineteenth-century Europe, musical pitch was not a static constant, but a subject of fierce international controversy, le‐

gal dispute, and acoustic chaos.[1] Throughout the Classical and early Romantic eras, local pitch standards varied widely across
cities, courts, and churches, ranging from French Baroque chamber pitches around  to North German organ pitch‐

es exceeding .[2] However, as public orchestral concerts moved from intimate aristocratic salons into cavernous
nineteenth-century municipal halls and opera houses, a destructive phenomenon known as pitch inflation (Stimmton-

Erhöhung) took hold.[3]

Orchestras, military bandmasters, and instrument manufacturers systematically raised their tuning standards. Higher string
tension produced greater acoustic penetration, brilliance, and volume, while brass instrument builders discovered that shorter

tube lengths created brighter, more piercing timbres.[4] Between 1820 and 1880, pitch across Europe crept upward at an alarm‐
ing rate:

In London, the Philharmonic Society performed at  in 1820 under Sir George Smart; by 1874, Michael
Costa’s orchestra at Covent Garden was performing at an extraordinary , and occasionally reached 

.[5]

In Vienna, the Imperial Court Opera (K.K. Hof-Operntheater) was measured by Alexander Ellis in 1878 at , and

reached  immediately prior to 1885.[6]

In Milan, the orchestra at Teatro alla Scala was measured in the 1870s consistently above .[7]

This escalation precipitated an international crisis for singers. Opera singers faced severe vocal strain, premature vocal dete‐
rioration, and chronic laryngitis as they were forced to project high tessituras nearly a semitone above the pitch levels for which

Mozart, Beethoven, Rossini, and early Verdi had composed.[8] Leading European vocalists, notably Adelina Patti, Enrico
Tamberlik, and Sims Reeves, actively protested, with Reeves occasionally walking off London stages when orchestras refused to

tune lower.[9]

A ≈ 392 Hz
A ≈ 465 Hz

A = 433.2 Hz
A = 454.7 Hz 456 Hz

447 Hz
449–450 Hz

450 Hz
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Figure 2.1: Chronological timeline of measured concert pitch frequencies across Europe (1810–1890), highlighting the unchecked rise of orchestral pitch (red) and the in‐
ternational downward reform benchmarks of 1859, 1884, and 1885 (green/blue).

2. The French Diapason Normal of 1859

The first major governmental intervention occurred in France. In 1858, the French Minister of State, Achille Fould, established

a prestigious imperial commission to investigate the pitch crisis and recommend a legal standard.[10]

The commission brought together prominent composers, acousticians, and performers:

Composers & Musicians: Hector Berlioz, Gioachino Rossini, Daniel Auber, Fromental Halévy, Ambroise Thomas, and
Giacomo Meyerbeer.

Scientists & Physicists: Jules Antoine Lissajous (famed for his optical studies of vibrational figures), César-Mansuète

Despretz, and organ builder Aristide Cavaillé-Coll.[11]

Following comprehensive tonometrical testing across French opera houses, the commission rejected the high orchestral
pitches and recommended a uniform standard. On February 16, 1859, Emperor Napoleon III signed the imperial decree es‐
tablishing the French Diapason Normal:

A master tuning fork made of forged steel, vibrating at precisely 870 single vibrations (435 cycles per second), was deposited
in the archives of the Paris Conservatoire as the official legal standard for all opera houses, orchestras, and educational institu‐

tions in France.[12]

The French Diapason Normal succeeded in halting pitch inflation within France, but created an acute international dilemma:
French woodwind and brass instruments could not perform with English, Austrian, or Italian orchestras without severe intona‐

tion clashes, and traveling singers faced jarring pitch shifts as they crossed borders.[13]

A ​ =4 435.0 Hz at a specified temperature of 15 C (59 F)∘ ∘

Willis Miller · Master Temperament Compendium & Brahms Op. 118 Dossier UnequalTemperament.com / Miller

— 20 —



3. Giuseppe Verdi and the "Scientific Pitch" (  / )

In Italy, the pitch crisis reached a boiling point in the early 1880s. Italian military bands and opera houses were performing at
wildly divergent levels, frequently exceeding . The Italian government appointed a musical commission to estab‐

lish a national standard.[14]

3.1 Verdi’s Famous 1884 Petition

On February 10, 1884, Giuseppe Verdi addressed a landmark letter to the Italian War Ministry and the Italian Musical
Congress, defining his position with absolute clarity:

"Fin da quando venne adottato in Francia il diapason normale, io consigliai che l'esempio dovesse essere seguito anche da noi... Se
la Commissione musicale istituita dal nostro Governo crede che per esigenze matematiche si debba ridurre le 435 vibrazioni del
diapason francese a 432, la piccolissima differenza di tre vibrazioni non può recar disturbo a chicchessia, ed io per parte mia vi
aderisco pienamente. Sarebbe per me un errore gravissimo l'adottare, come viene da Roma proposto, un diapason di 450. Io non

potrei associarmi ad una disposizione che comprometterebbe la salute della voce e la dignità dell'arte."[15]

(Ever since the normal pitch was adopted in France, I advised that the example should be followed by us as well... If the Musical
Commission instituted by our Government believes that mathematical requirements demand reducing the 435 vibrations of the
French pitch to 432, the tiny difference of three vibrations cannot disturb anyone, and for my part, I fully endorse it. It would be
a grave error for me to adopt, as proposed from Rome, a pitch of 450. I could not associate myself with a measure that compromis‐
es the health of the voice and the dignity of art.)

3.2 The Mathematical Origin: Charles Meerens and 

Verdi’s explicit phrase—"per esigenze matematiche" (for mathematical requirements)—refers directly to the "scientific pitch" (dia‐
pason philosophique) championed throughout the nineteenth century by Belgian acoustician Charles Meerens, following the theo‐

retical work of Ernst Chladni and Joseph Sauveur.[16]

Meerens argued that musical frequency should be derived from pure powers of two ( ), setting the fundamental tonic of
middle C at:

In nineteenth-century acoustic theory, calculating  from  depended entirely on the assumed interval ratio

of the major sixth ( ):[17]

1. Pythagorean Major Sixth ( ):

1. Just Major Sixth ( ):

1. Twelve-Tone Equal Temperament ( ):

C = 256 Hz A = 432 Hz

A = 450 Hz

C = 256 Hz

2n
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A ​4 C ​ =4 256 Hz
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27

A ​ =4 256 × ​ =
16
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​3
5

A ​ =4 256 × ​ ≈
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Nineteenth-century Italian acousticians derived  by utilizing the classic Pythagorean fifth-chain (

). This gave  a neat, integer-based mathematical elegance.[18]

3.3 Deconstructing the Modern Esoteric Mythology

In recent decades,  has been appropriated by New Age literature and conspiracy theories. These modern narratives
claim that 432 Hz is the "vibration of the universe," resonates with the golden ratio ( ), stimulates human DNA healing, and

that  was imposed as a mind-control frequency by the Nazi regime in 1939.[19]

A pivotal historical moment in this modern mythmaking was the campaign launched in 1988 by the Schiller Institute, a

political organization founded by Helga Zepp-LaRouche and Lyndon LaRouche.[20] The Schiller Institute convened an in‐
ternational conference in Milan in April 1988, drafting legislation to mandate  in Italy as the "Verdi pitch." While
the institute gathered endorsements from prominent singers (including Renata Tebaldi, Piero Cappuccilli, and Birgit Nilsson)
who naturally supported lower vocal strain, the campaign embedded Verdi’s pragmatic 1884 letter within an esoteric political

ideology of universal harmonic laws.[21]

The historical record confirms that Giuseppe Verdi had zero interest in cosmic mysticism or occult frequencies.
[22] Verdi's motives were strictly functional and vocal:

1. He wanted to stop Italian opera houses from creeping up to .

2. He preferred the French , but willingly accepted  because the mathematical reduction of  was imper‐
ceptible to listeners while offering additional physical relief to operatic sopranos and tenors.

Example 2.1: Vocal tessitura and register break (passaggio) shifts across historical pitch standards (A=432 Hz vs. A=450 Hz), illustrating the severe laryngeal strain
that prompted Giuseppe Verdi's 1884 petition.

4. The November 1885 Vienna International Pitch Conference

The decisive turning point for Austro-German musical practice occurred in November 1885 in Vienna—the city where

Johannes Brahms resided and worked.[23]

A = 432 Hz C → G →
D → A = ( ​) ×2

3 3
​ =2

1
​16

27 432 Hz

A = 432 Hz
Φ

A = 440 Hz

A = 432 Hz

450 Hz

435 Hz 432 Hz 3 Hz

Willis Miller · Master Temperament Compendium & Brahms Op. 118 Dossier UnequalTemperament.com / Miller

— 22 —



4.1 The Convening and the Delegates

Recognizing that individual national decrees were insufficient to solve cross-border musical dissonance, the Imperial and Royal
Government of Austria-Hungary convened the International Pitch Conference (Internationale Stimmton-Conferenz)

in Vienna from November 16 to 19, 1885.[24]

The conference was attended by official governmental and musical delegates from across the European continent:

Austria-Hungary: Eduard Hanslick (Viennese music critic), Wilhelm Jahn (Director of the Vienna Court Opera), Joseph
Hellmesberger (Director of the Vienna Conservatory), and Theodor Leschetizky.

Kingdom of Prussia & German States: Carl Reinecke (Director of the Leipzig Gewandhaus), Joseph Joachim
(renowned violinist, founding director of the Berlin Hochschule für Musik, and Brahms’s closest musical confidant), and
Ernst Rudorff.

Kingdom of Italy: Arrigo Boito (eminent composer, librettist for Verdi’s Otello and Falstaff, and official Italian delegate).

Russian Empire & Kingdom of Sweden: Senior conservatory directors and court kapellmeisters.[25]

4.2 Measured Viennese Pitch Reality

The official conference minutes preserve invaluable empirical measurements documenting the actual state of musical pitch in

Vienna immediately prior to the summit:[26]

Institution Year Measured Pitch ( ) Status Relative to A=435

Vienna Hof-Operntheater 1882  high

Vienna Hofburgkapelle 1883  high

Vienna Hof-Operntheater 1885 (pre-conf)  high!

International Target Standard 1885 Official legal goal

These figures demonstrate that Vienna in the 1880s was suffering from extreme pitch inflation: the Court Opera was per‐
forming nearly a quarter-tone sharp! The purpose of the 1885 Vienna Conference was therefore not to establish a high pitch, but

to act as a severe downward corrective to pull runaway orchestral pitch back down to .[27]

4.3 Boito and the Italian 432 Debate in Vienna

Arrigo Boito arrived in Vienna with a mandate from the Italian Commission to present Verdi’s proposal for .
Letters between Verdi and Boito in late October 1885 confirm that Verdi urged Boito to defend the scientific  standard.
[28]

In the conference hall, Boito debated the acoustic merits of  directly with Hanslick, Joachim, Reinecke, and
Austrian physicists. However, the conference concluded that because thousands of French woodwind instruments and military
brasses were already manufactured to the 1859 French standard of , international uniformity demanded universal con‐

vergence on  at .[29] The delegates voted overwhelmingly to ratify the French Diapason Normal.
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4.4 The Institutional Adoption Gap (1885–1890)

It is a serious historiographical error to assume that the November 1885 conference instantly transformed every piano and or‐
chestra in Austria-Hungary. The conference produced an international recommendation, but each member state was required to
enact national legislation.

Archival records from the Saxon State Archives and Austrian ministerial holdings reveal that the Austrian Ministry of
Cultus and Education (Ministerium für Cultus und Unterricht) did not formally promulgate the ministerial ordinance mandating

 until July 25, 1890.[30] Throughout the late 1880s and early 1890s, Viennese instruments fluctuated dynamically
across a broad spectrum:

Major opera productions and military bands slowly migrated downward toward .

Unreformed regional orchestras and older organs lingered around .

Domestic salon pianos, tuned infrequently and exposed to cold winter temperatures, settled between  and

.[31]

5. Physical Acoustics of Lowering a Modern Grand Piano to A=432 Hz

Retuning a modern concert grand piano from  to  involves an acoustic shift of:

Relative to the 1885 Vienna standard ( ), the shift is only:

This lowering alters the physical equilibrium of the instrument in four distinct domains:

5.1 Static String Tension Reduction

According to Mersenne’s law for transverse vibrating strings of fixed active speaking length  and linear density :[32]

Holding length  and mass  constant, string tension  is strictly proportional to the square of frequency:

This represents an exact  reduction in static string tension across every string on the instrument.[33]

5.2 Bridge Downbearing Relief

On a modern grand piano, strings cross the wooden bridge at a calculated vertical bearing angle ( ), imparting a

downward mechanical force known as downbearing.[34] Downbearing is essential to couple string vibration into the sound‐
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board, but excessive downbearing chokes the soundboard crown, dampening free modal oscillation.

The vertical downward force  imparted by a string under tension  over bridge angle  is:

Because  scales linearly with , lowering pitch to  reduces vertical downbearing force by  across the en‐
tire bridge.

On a standard 9-foot concert grand (carrying  or  of aggregate string tension):

Relieving over 1,440 pounds of total tension reduces bridge downbearing stress by roughly  of direct ver‐

tical crushing load, allowing the wood of the soundboard crown to flex more compliance.[35] Attack transients soften, high-
register percussive glare is reduced, and the piano’s fundamental sustain increases.

Figure 2.2: Mechanical schematic of string bearing geometry over bridge pins, illustrating vertical downbearing force  and the 3.60% force relief
achieved by tuning to A=432 Hz.

5.3 The Inharmonicity Paradox

A persistent myth in modern audio forums asserts that tuning to 432 Hz makes piano strings "more harmonic." In stiff solid

steel piano wire, the inharmonicity coefficient  is given by:[36]

where  is Young’s modulus,  is string diameter,  is speaking length, and  is tension.

Because tension  appears in the denominator, decreasing  while holding wire dimensions constant increases :

F ​v T θ

F ​ ≈v 2T sin ​ ≈(
2
θ
) Tθ
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String inharmonicity theoretically increases by .[37]

However, because the fundamental frequency of every note has shifted downward by , the upper partials shift down‐
ward in absolute frequency into human ears’ more sensitive, consonant auditory filter bands. The result is perceived not as

harsh inharmonicity, but as tonal warmth and acoustic cohesion.[38]

5.4 Acoustic Coupling to Soundboard Eigenmodes

A piano soundboard is an anisotropic spruce plate with fixed structural resonances (eigenmodes) determined by its rib layout,

grain orientation, and bridge mass.[39] When pitch is lowered from 440 Hz to 432 Hz, the string partials shift frequency, but
the soundboard’s physical resonance peaks do not change.

In the tenor and lower-middle register ( ), where Brahms habitually voices dense polyphonic lines in Op. 118, this shift
decouples strings from peak resonance zones that cause aggressive, boomy room reflections, creating an unforced, singing clari‐

ty that closely mimics the behavior of 19th-century straight-strung pianos.[40]

Figure 2.3: Spectral overlay showing how shifting string partials downward by 1.82% (-31.8 cents, blue) interacts with the static Chladni eigenmodes of the wooden
soundboard (gray), modifying modal acoustic coupling.

6. Conclusion: A=432 Hz as an Authentic 19th-Century Reform Aesthetic

The historical evidence provides a clear verdict:

1.  is not a cosmic miracle frequency. We categorically reject modern occult and esoteric claims.

2.  was not the institutional norm of Vienna in 1893. The Court Opera and Viennese orchestras were
higher, and the 1885 conference established  as the international treaty standard.
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3.  is an authentic, documented nineteenth-century reform proposal. Rooted in the acoustic mathe‐
matics of Charles Meerens ( ) and publicly endorsed by Giuseppe Verdi in 1884 to protect singers from runaway
pitch inflation, it was formally introduced and debated at the 1885 Vienna Pitch Conference in the presence of Eduard
Hanslick and Brahms’s closest friend, Joseph Joachim.

When applied to a modern grand piano for a performance of Johannes Brahms’s Op. 118,  represents an elegant,
historically grounded artistic intervention. It places the piano within 12 cents of the 1885 Vienna standard, relieves 1,440 pounds
of tension from the instrument, and creates an open, singing tenor voice that allows Brahms’s autumn counterpoint to be heard
with exceptional warmth and expressive clarity.

7. Critical Footnotes Apparatus

A = 432 Hz
C = 256

A = 432 Hz
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Chapter 3: Painted Keys: ColorMusik & The Five
Agitation Zones

Painted Keys: Mapping the 360° Spectral Circle of Fifths
to the Five Acoustic Agitation Zones

Author: Willis Miller

Affiliation: ColorMusik / CAUT Tools / UnequalTemperament.com

Classification: Multidisciplinary Monograph in Visual Music Theory, Acoustics, and Affective Psychometrics
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Abstract

For over three centuries, composers, painters, and physicists have sought an objective, mathematically rigorous correspondence
between musical sound and visual color. Historical attempts—from Isaac Newton’s 1675 prismatic mapping to Louis-Bertrand
Castel’s 1725 ocular harpsichord and Alexander Scriabin’s Prometheus (1910)—failed to achieve universal acceptance because they
mapped colors linearly along the chromatic semitone scale or arbitrary diatonic scales, violating the fundamental law of tonal
syntax: that harmonic proximity is governed by the Circle of Fifths, not physical pitch proximity.

This monograph introduces the ColorMusik Spectral Framework, which establishes a formal mathematical isomor‐
phism between the twelve pitch classes of the chromatic Circle of Fifths and the 360° continuous spectrum of visible light:

. Under this mapping, tonic-dominant modulations transition smooth‐
ly between adjacent visual hues (  shifts), while remote tritone relationships generate maximum optical contrast (  com‐
plementary colors).

To bridge this optical syntax with physical sound, we integrate the Five Acoustic Agitation Zones, derived from the cent
deviation of major thirds from pure Just Intonation ( ). Grounded in the psychoacoustic roughness
models of Reinier Plomp, Willem Levelt, and Ernst Terhardt, these zones calibrate auditory dissonance from Zone 1 (Serene,

) to Zone 5 (Crisis/Wolf, ). Furthermore, we cross-correlate these acoustic zones with Rita Steblin’s historical corpus
of eighteenth- and nineteenth-century key characteristics and James Russell’s valence-arousal circumplex model of emotion, op‐
erationalized via the 24-card affect taxonomy ( E01 – E24 ). Finally, we apply this synaesthetic apparatus to the late piano works
of Johannes Brahms (Op. 118), proving that unequal temperaments transform musical scores from monochromatic abstractions
into living visual-acoustic landscapes.

1. The Epistemological Lineage of Color-Music Analogies

The aspiration to unite sound and light is among the most persistent obsessions in Western intellectual history.[1] The Greek
concept of harmonia encompassed both musical proportions and the visual cosmos. However, the first modern attempt to con‐

struct a scientific bridge between color and pitch began with Sir Isaac Newton.[2]

Hue(Pitch Class) = (Fifth Step × 30 )∘ (mod 360 )∘

30∘ 180∘

ΔM3 = ∣cents − 386.314∣

0–5c > 30c
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1.1 Newton’s Prismatic Analogy (1675/1704)

In his Opticks (1704), Newton observed that when white sunlight is refracted through a glass prism, the continuous rainbow

spectrum separates into distinct bands.[3] Influenced by the Pythagorean doctrine of musical intervals, Newton hypothesized
that the spatial widths of the primary spectral colors correspond to the string-length ratios of the diatonic minor scale (

):[4]

Red  Tonic ( )

Orange  Major Second ( )

Yellow  Minor Third ( )

Green  Fourth ( )

Blue  Fifth ( )

Indigo  Minor Sixth ( )

Violet  Minor Seventh ( )

Newton's mapping was profoundly flawed. By forcing seven arbitrary colors onto a seven-note diatonic scale, Newton ig‐
nored the underlying chromatic cycle of twelve pitch classes and failed to explain how harmonic modulation functions across

key changes.[5]

1.2 Louis-Bertrand Castel’s Clavecin Oculaire (1725)

In eighteenth-century Paris, Jesuit mathematician and philosopher Louis-Bertrand Castel attempted to build a physical instru‐

ment that would realize Newton’s concept: the ocular harpsichord (clavecin pour les yeux).[6] Castel constructed a key‐
board mechanism wired to an array of colored silk ribbons, shutters, and candles, so that striking a key illuminated a corre‐
sponding color square:

: Blue | : Celadon | : Green | : Olive | : Yellow | : Fallow/Aurora | : Orange | : Red | : Crimson | :

Violet | : Agate | : Indigo.[7]

Castel's system was celebrated by Denis Diderot and Voltaire, but criticized by Georg Philipp Telemann and Jean-Philippe

Rameau.[8] Castel arranged his colors chromatically along the keyboard ( ). Consequently, when a per‐
former played a consonant major triad ( ), the ocular harpsichord flashed Blue, Yellow, and Red—three primary hues
that produced violent, jarring optical discord rather than visual harmony. Castel had confused keyboard geometry with harmon‐

ic syntax.[9]

1.3 Alexander Scriabin and the Symbolist Prometheus (1910)

In the early twentieth century, Russian composer Alexander Scriabin introduced his clavier à lumières (keyboard of lights) in his

orchestral masterwork Prométhée: Le Poème du Feu, Op. 60.[10] Influenced by Helena Blavatsky’s Theosophy, Scriabin created an
intuitive circle-of-fifths color mapping:

: Red | : Orange-Pink | : Yellow | : Green | : Whitish-Blue | : Moonshine Blue | : Bright Blue | : Violet |

: Purple | : Steel/Flesh | : Rose | : Deep Red.[11]

Scriabin correctly recognized that musical keys modulate by fifths. However, his color assignments were idiosyncratic and

subjective, lacking a reproducible mathematical law connecting color wavelengths to acoustic interval ratios.[12]

D–E–F–G–A–B–C–D

⟷ D

⟷ E

⟷ F

⟷ G

⟷ A

⟷ B♭

⟷ C

C C♯ D D♯ E F F♯ G G♯ A
A♯ B

C → C♯ → D
C–E–G

C G D A E B F♯ D♭
A♭ E♭ B♭ F
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2. The ColorMusik Spectral Circle of Fifths Architecture

The fundamental breakthrough of the ColorMusik system ( Miller, 2021–2026) is the recognition that both the 12-Tone

Circle of Fifths and the Visible Light Spectrum are closed topological circles.[13]

graph TD
    subgraph SpectralWheel ["The ColorMusik 360° Spectral Circle of Fifths"]
        C["C (0° - Pure Red)"]
        G["G (30° - Red-Orange)"]
        D["D (60° - Amber / Orange)"]
        A["A (90° - Golden Yellow)"]
        E["E (120° - Chartreuse / Lime)"]
        B["B (150° - Emerald Green)"]
        Fs["F# / Gb (180° - Electric Cyan)"]
        Db["Db / C# (210° - Cerulean / Sky)"]
        Ab["Ab (240° - Cobalt Blue)"]
        Eb["Eb (270° - Indigo / Deep Violet)"]
        Bb["Bb (300° - Magenta / Purple)"]
        F["F (330° - Crimson / Rose)"]

        C --> G --> D --> A --> E --> B --> Fs --> Db --> Ab --> Eb --> Bb --> F --> C
    end
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Figure 3.1: The Master 360° ColorMusik Spectral Wheel, showing the mathematical isomorphism between the twelve pitch classes of the Circle of Fifths and the visible
light spectrum ( ).

2.1 The Mathematical Mapping Function

In Western tonal syntax, harmonic tension and modulation distance are measured in steps along the Circle of Fifths.[14] In op‐
tics, the visible spectrum is mapped around a continuous  color wheel in standard HSL/HSV color spaces.

ColorMusik establishes an exact mathematical isomorphism:

where the Fifth Step Index is defined from the natural diatonic center :[15]

Hue = Fifth Step × 30∘

360∘

Hue(Pitch Class) = Fifth Step Index × 30( ∘) (mod 360 )∘

C = 0

Pitch Class Index k ∈ {−5, −4, −3, −2, −1, 0, +1, +2, +3, +4, +5, ±6}
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2.2 Complete 12-Tone Chromatic Palette

Pitch
Class

Fifth Index
( )

Nominal
Hue

HSL Value (
)

Optical Color
Name

Harmonic Polarity

Pure Red
Diatonic Anchor; Absolute
Center

Red-Orange Dominant Brightness; Rustic

Amber / Gold Martial Vigor; Triumphant

Golden Yellow Lyrical Warmth; Radiant Love

Chartreuse /
Lime

Piercing Joy; Unclouded Shouts

Emerald Green Wild Passion; Combat; Fierce

Electric Cyan
Maximum Polar Distance;
Tritone Axis

Cerulean / Sky
Blue

Majestic Grief; Transcendence

Cobalt Blue Death; The Grave; Sacred
Mystery

Indigo / Deep
Violet

Holy Devotion; Intimacy with
God

Magenta / Purple Yearning; Hopeful Anticipation

Crimson / Rose Deep Pastoral Repose; Peace

2.3 Visual-Harmonic Theorems of ColorMusik

1. Theorem 1 (Dominant-Tonic Consonance): A modulation to the dominant ( ) or subdominant ( ) corresponds to
an adjacent  hue rotation. Closely related keys share analogous visual palettes.

2. Theorem 2 (Tritone Opposition): The tritone relationship ( ) corresponds to an exact  diameter across
the color wheel, creating complementary color opposition (Pure Red vs. Electric Cyan).

3. Theorem 3 (Triad Color Triangles): Any major triad ( ) forms a tight, coherent visual chord:  (Red), 
(Lime), and  (Orange), occupying a warm, harmonious quadrant of the spectrum.

3. Psychoacoustics of Beating & The Five Agitation Zones

While the 360° Spectral Wheel establishes tonal identity (hue), it does not account for interval dissonance, roughness, and

tension.[16] In modern Equal Temperament, every major triad is mathematically identical, forcing all colors to remain flat and
static.

In unequal temperaments, however, intervals possess varying degrees of acoustic beating. To capture this physical dynamic,
ColorMusik integrates the Five Acoustic Agitation Zones, derived from the absolute deviation of a major third from pure

k
S = 85%, L =

50%

C 0 0∘ hsl(0 , 85%, 50%)∘

G +1 30∘ hsl(30 , 85%, 50%)∘

D +2 60∘ hsl(60 , 85%, 50%)∘

A +3 90∘ hsl(90 , 85%, 50%)∘

E +4 120∘ hsl(120 , 85%, 50%)∘

B +5 150∘ hsl(150 , 85%, 50%)∘

F♯/G♭ ±6 180∘ hsl(180 , 85%, 50%)∘

D♭/C♯ −5 210∘ hsl(210 , 85%, 50%)∘

A♭ −4 240∘ hsl(240 , 85%, 50%)∘

E♭ −3 270∘ hsl(270 , 85%, 50%)∘

B♭ −2 300∘ hsl(300 , 85%, 50%)∘

F −1 330∘ hsl(330 , 85%, 50%)∘

V IV
30∘

C ↔ F♯ 180∘

C–E–G 0∘ 120∘

30∘
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Just Intonation ( ):[17]

3.1 The Psychoacoustic Roughness Curve (Plomp-Levelt / Terhardt)

In auditory physiology, when two sinusoidal tones enter the human cochlea within the same critical bandwidth ( ), their
overlapping excitation patterns on the basilar membrane produce rapid amplitude fluctuations perceived as sensory rough‐

ness (Rauigkeit).[18]

Reinier Plomp and Willem Levelt (1965) demonstrated that roughness reaches a sharp maximum when the frequency differ‐
ence between partials is approximately  of the critical bandwidth (  in the mid-frequency range), and dissolves

into smooth consonance as beating drops below  or widens beyond the critical band.[19] In a major triad, the primary
source of roughness is the beating between the 5th partial of the lower root and the 4th partial of the major third:

3.2 Calibration of the Five Agitation Zones

Agitation Zone
Deviation Range (

)
Average Beating (

)
Psychoacoustic State Optical Modulation in

ColorMusik

Zone 1: Serene
Pure, beating-free, heaven‐
ly peace

High opacity, soft pastel diffusion,
motionless

Zone 2: Mild
Gentle warmth, subtle
vowel color

Rich saturated color, calm ambi‐
ent glow

Zone 3: Active
Classical vigor, sparkling
brilliance

High saturation, subtle rhythmic
pulse

Zone 4: Tense Strong agitation, dramatic
friction

Heightened contrast, edge vibra‐
tion, jitter

Zone 5: Crisis /
Wolf

Howling dissonance, psy‐
chic terror

Strobe oscillation, desaturation,
chromatic tearing

5 : 4 = 386.314 cents

ΔM3 = ∣Interval Width in Cents − 386.314 cents∣

Δf ​cb

25% ≈ 15–30 Hz
5 Hz

b ​ =3 ∣5f ​ −root 4f ​∣third

ΔM3 F ​–F ​3 4

0.0 to 5.0 cents 0.0 to 2.5 bps

5.0 to 12.0 cents 2.5 to 6.5 bps

12.0 to 20.0 cents 6.5 to 13.0 bps

20.0 to 30.0 cents 13.0 to 22.0 bps

> 30.0 cents > 22.0 bps
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Figure 3.2: Plomp-Levelt auditory roughness curve mapped to the Five Acoustic Agitation Zones, showing the position of Lehman 1722 major thirds (  in
Zone 2;  in Zone 3) relative to standard 12-TET.

In the ColorMusik rendering engine ([ review-ui/henle_reader.html ](file:///Users/willismiller/Documents/GitHub/color‐
musik2022/harmonee/app/colormusik2021/review-ui/henle_reader.html)), these agitation zones dynamically modulate the visual
filters over the musical score: serene intervals glow with calm, transparent saturation, while tense intervals pulse with optical vi‐

bration.[20]

4. Reconciling Rita Steblin and Modern Emotion Science

Why did eighteenth- and nineteenth-century musicians passionately insist that musical keys possessed distinct emotional char‐

acters, even after theorists declared equal temperament universal?[21]

4.1 Rita Steblin’s Documentary Corpus

In her definitive study, A History of Key Characteristics in the 18th and Early 19th Centuries, Canadian musicologist Rita Steblin ana‐

lyzed over two centuries of German, French, and English musical treatises.[22] Steblin proved that "key characteristics" were
not poetic illusions, but an objective historical reality rooted in:

1. Unequal temperaments that gave each key a unique intervallic signature.

2. The mechanical acoustics of wind and string instruments (open strings vs stopped notes).

3. The traditional modal ethos inherited from the Renaissance.[23]

Christian Friedrich Daniel Schubart’s famous 1784 treatise Ideen zu einer Ästhetik der Tonkunst (published in Vienna in 1806)

codified this German tradition, providing descriptions directly relevant to Brahms’s Op. 118:[24]

 Major: Pure, innocent, devout, childlike simplicity.

F–A/C–E
A–C♯

C
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 Major: Complaisance, peace, calm, deep pastoral repose.

 Minor: Deep depression, funereal lament, shuddering horror, longing toward the grave.

 Minor: The darkest melancholy, deepest distress, brooding despair.

4.2 Modern Valence-Arousal Psychometrics (Russell Circumplex)

In modern cognitive emotion psychology, James Russell’s Circumplex Model of Affect (1980) maps all human emotional

states onto a continuous two-dimensional plane:[25]

1. Valence: Horizontal axis running from Pleasant/Positive to Unpleasant/Negative.

2. Arousal (Activation): Vertical axis running from Calm/Deactivated to Intense/Activated.

graph TD
    subgraph Circumplex ["Russell Valence-Arousal Circumplex with Triad Mapping"]
        Q1["Quadrant 1: High Arousal / Positive Valence<br/>(Joy, Triumph, Ecstasy)<br/>Bright Unequal Major Triad
        Q2["Quadrant 2: High Arousal / Negative Valence<br/>(Anger, Panic, Horror, Agitation)<br/>Tense Unequal Mi
        Q3["Quadrant 3: Low Arousal / Negative Valence<br/>(Gloom, Sadness, Depression)<br/>Restful Minor Triads: 
        Q4["Quadrant 4: Low Arousal / Positive Valence<br/>(Serenity, Peace, Pastoral Calm)<br/>Pure Unequal Major

        Q2 --- Q1
        Q3 --- Q4
    end

F

F

E♭
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Figure 3.3: Russell circumplex model of affect mapped with major and minor triads under Lehman circulating well-temperament, demonstrating the acoustic correla‐
tion between major-third roughness and emotional arousal.

4.3 The 24-State Affect Taxonomy ( E01 – E24 ) & The Triad Agitation Model

In the unequal_gen  research suite ([ top-x-chord-brightness-map.php ](file:///Users/willismiller/Documents/GitHub/unequal_‐
gen/top-x-chord-brightness-map.php) and 010_deep-research-report.md ), the emotional state of any musical key in an un‐

equal temperament is computed using the Triad Agitation Model:[26]

Major Triads map across the positive valence hemisphere:

Minor Triads map across the negative valence hemisphere:

A ​ =triad α ⋅ b ​ +3 β ⋅ b ​5

Calm (Zone 1/2)⟶ Bright (Zone 3)⟶ Ecstatic (Zone 4)⟶ Manic (Zone 5)
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When a piece modulates in an unequal temperament, the listener’s nervous system experiences a physical shift in sensory

arousal driven by changing basilar membrane roughness.[27]

5. Analytical Case Applications Across the Canon

5.1 Johann Sebastian Bach: The Well-Tempered Clavier, Book I

Prelude in C major (BWV 846): Tuned to Lehman 1722,  is  ( ), placing the entire
piece in Zone 2 (Mild/Serene). In ColorMusik, the score glows in Pure Red ( ). The arpeggios possess an unblem‐

ished, devout calm that validates Steblin’s description of C major as "pure innocence and pious simplicity."[28]

Prelude in C# major (BWV 848): Keyed in seven sharps, the third  widens to  (Zone 3:
Active). In ColorMusik, the hue shifts across the circle to Sky Blue ( ). Bach composes a dazzling, virtuosic toccata
that sparkles with rapid beating, exploiting acoustic friction as kinetic energy.

Example 3.1: J.S. Bach, Prelude in C major (WTC I, BWV 846, mm. 1–4) annotated with ColorMusik spectral hues (Pure Red , Zone 2 Serene  at
, ).

5.2 Ludwig van Beethoven: Waldstein Sonata, Op. 53

In the exposition of the first movement, Beethoven modulates from C major directly to the mediant: E major (mm. 35–
42).

In Lehman’s temperament, C major resides in Zone 2 ( , Pure Red ), while E major possesses the widest third

in the system:  (Zone 4: Tense, Lime Chartreuse ), beating at .[29]

The arrival of the second theme is a blinding visual-acoustic explosion: the music leaps across  of color space from
deep crimson-red into electric lime, while the third beating accelerates from  to .

5.3 Johannes Brahms: Six Pieces for Piano, Op. 118

Applying the ColorMusik framework to Op. 118 unifies its six movements into a single, breathtaking synaesthetic journey:[30]

Grounded (Zone 1/2)⟶Wistful (Zone 2/3)⟶ Urgent (Zone 3/4)⟶ Haunted / Desolate (Zone 4/5)

C–E 392.18 cents ΔM3 = 5.87c
0∘

C♯–E♯ 403.91 cents
210∘

0∘ C–E
392.2 cents 4.37 bps

392.2c 0∘

405.87 cents 120∘ 18.36 bps

120∘

4.4 bps 18.4 bps
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No. 1: A min (90° Yellow min)  --> Cadence in C maj (0° Red, Zone 2 Serene)
No. 2: A maj (90° Yellow, Zone 3 Active, 11 bps) --> Middle in F# min (180° Cyan, Pure 5th)
No. 3: G min (30° Orange-Red min, Zone 2) --> Middle in B maj (150° Emerald, Zone 3)
No. 4: F min (330° Crimson min, Zone 3 Agitated, Canonic Dread)
No. 5: F maj (330° Deep Rose, Zone 2 Serene Sanctuary, 2.9 bps)
No. 6: Eb min (270° Deep Indigo, Dies Irae) --> Eruption in Gb / B (180°/150°, Zone 4 Storm)

In Equal Temperament, Op. 118 is a monochromatic charcoal drawing. In Lehman’s circulating temperament mapped
through ColorMusik, it becomes a monumental fresco: moving from the shimmering yellow warmth of A major through the
dense red-orange power of G minor, finding a prayer-like sanctuary in the pure crimson-rose thirds of F major (No. 5), before

being swallowed by the dark indigo terror and screaming cyan/emerald storm of the E-flat minor Dies Irae.[31]

6. Conclusion

The ColorMusik Spectral Framework and the Five Acoustic Agitation Zones solve a three-hundred-year theoretical impasse. By
replacing arbitrary linear pitch-color analogies with the closed mathematical topology of the Circle of Fifths (
), and grounding visual dynamics in physical cochlear roughness ( ), we establish an objective, reproducible syntax of visual
music.

When paired with historical circulating temperaments such as Bradley Lehman’s 1722 reconstruction, this methodology
proves that Western tonal composition was never intended to be an abstract, mathematically sterilized art. Key choices were
physical choices. By uniting the eye and the ear, ColorMusik allows performers, scholars, and audiences to experience musical
scores as their creators conceived them: alive with color, vibrating with physical tension, and profound in emotional truth.

7. Critical Footnotes Apparatus

Fifth Step × 30∘

ΔM3
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Author: Willis Miller, RPT (Hon.)
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Abstract

When concert pianists request historical or unequal temperaments on modern institutional concert grand pianos (e.g., Steinway
Model D, Yamaha CFX, Bösendorfer 280VC), piano technicians face unique acoustic and mechanical challenges. Long string
scales, high aggregate tension, thick cold-pressed felt hammers, duplex scale resonances, and pronounced treble inharmonicity
interact differently with unequal intervals than the short, plain-wire instruments of the eighteenth and nineteenth centuries.

This paper provides a complete, bench-tested technical protocol for migrating a modern concert grand from standard 
 Equal Temperament to  in Bradley Lehman’s 2005 circulating well-temperament, prepared

specifically for a complete performance of Johannes Brahms’s Six Pieces for Piano, Op. 118 (1893). We present:

1. A safe, two-pass mechanical pitch-lowering procedure that stabilizes pinblock torque and bridge downbearing.

2. A definitive 13-step aural setting sequence within the temperament octave ( ) utilizing specific beating rates (
 at ,  at , and five acoustically pure fifths).

3. Programming matrices and octave stretch compensation guidelines for modern Electronic Tuning Devices (ETDs), includ‐
ing PianoScope, CyberTuner, Verituner, and TuneLab.

4. Voicing and regulating adjustments necessary to optimize sustain and eliminate percussive glare in unequal third
progressions.

1. The Concert Technician’s Dilemma: Historical Intonation on Modern Scales

Over the past four decades, the revival of historical temperaments has largely been confined to harpsichords, clavichords, and

period fortepianos.[1] However, concert artists are increasingly requesting historical temperaments on modern concert grands

for performances of Bach, Mozart, Beethoven, Chopin, and late Brahms.[2]

A =
440 Hz A = 432.0 Hz

F ​–F ​3 4

F ​–A ​3 3 2.92 bps C ​–E ​4 4 4.37 bps
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For the concert technician, applying a circulating well-temperament to a modern nine-foot grand presents distinct physical
challenges:

1. High Inharmonicity ( ): Modern high-tension steel music wire (such as Röslau or Mapes) exhibits significant stiffness,
causing upper partial frequencies to diverge from pure integer multiples ( ). On long concert grands,
bass and tenor inharmonicity is relatively low, but jumps sharply in the high treble, requiring careful expansion of octaves.
[3]

2. Duplex Scaling: Modern instruments feature tuned front and rear aliquots (duplex scales) that ring sympathetically with
string partials. If an unequal temperament creates rapid beating in a high-register triad, an active duplex scale can amplify

that beating into a metallic sheen unless carefully muted or damped.[4]

3. Hammer Density & Voicing: Modern hammers are heavily pressed under heat and lacquered to project across 2,500-
seat symphony halls. In equal temperament, all major thirds beat fast ( ). In a well-temperament, diatonic thirds
beat very slowly (  at ), while remote thirds beat rapidly (  at ). If the piano’s strike point is
voiced too hard, the rapid beating in remote keys can sound harsh and glassy.

When properly regulated and tuned, however, a modern concert grand in Lehman's circulating temperament produces a
rich, multi-layered palette that equal temperament cannot achieve: home keys exhibit cathedral-like sustain, while remote har‐

monies sparkle with vibrant, clean energy.[5]

2. Pitch Migration Protocol to A=432 Hz

Dropping an instrument from  to  is a drop of .

[440.0 Hz Standard ET] 
         │
         ▼ (Pass 1: Pre-drop over-pull to -36 cents to equalize plate deflection)
[Rough Lowering Pass]
         │
         ▼ (Pass 2: Fine temperament setting on stabilized soundboard)
[A=432.0 Hz Lehman Well-Temperament]

A common technician error is attempting to set an intricate temperament while performing a pitch drop in a single pass. As
string tension drops across the instrument, the cast-iron plate flexes microscopically and the wooden soundboard crown rises,

causing previously tuned notes to go sharp.[6]

2.1 The Two-Pass Migration Procedure

1. Pass 1: Rapid Rough Lowering (Over-pull / Under-pull Drop):

Using an ETD or rough aural checks, drop the entire piano to approximately  relative to  (over‐
shooting the  target by ).

Sequence: Begin in the tenor ( ), tune downward through the bass ( ), return to the tenor, and tune upward through
the treble ( ).

Goal: Allow the aggregate soundboard downbearing load (  of tension relief) to settle and equilibrate across
the bridge.

1. Pass 2: Fine Temperament and Unisons:

B
f ​ ≈n nf ​ ​1 1 + Bn2

7–14 bps
F ​–A ​3 3 2.9 bps E ​–G♯ ​4 4 18.4 bps

A ​ =4 440 Hz A ​ =4 432.0 Hz −31.77 cents

−36.0 cents A = 440
−31.8 cent ∼ 4 cents

C ​3 A ​0

C ​8

∼ 1, 440 lbs
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Allow the instrument to rest for at least 30 minutes following Pass 1.

Set the core temperament octave ( ) at exact .

Extend octaves upward and downward, locking unisons solidly.

2.2 Pin Setting & Torque Security

Because lowering pitch turns the tuning pin counter-clockwise, the technician must break static friction in the pinblock bush‐
ing, lower the pitch slightly below target, and then firmly set the pin clockwise into the wood fibers while rendering the

non-speaking string segment behind the capo bar or agraffe.[7] Failing to set the pin properly will result in immediate pitch in‐
stability during loud fortissimo playing.

3. The Complete 13-Step Aural Setting Protocol (F3 to F4)

This protocol sets Bradley Lehman’s 2005 circulating well-temperament entirely by ear within the temperament octave (

), anchored to an  tuning fork.[8]

flowchart TD
    Step1["Step 1: A4 (432 Hz fork) -> Tune A3 down (clean octave)"] --> Step2["Step 2: Tune D4 up from A3 (narrow
    Step2 --> Step3["Step 3: Tune G3 down from D4 (narrow 5th, 1.31 bps)"]
    Step3 --> Step4["Step 4: Tune C4 up from G3 (narrow 5th, 1.74 bps)"]
    Step4 --> Step5["Step 5: Tune F3 down from C4 (narrow 5th, 1.17 bps)"]
    Step5 --> Audit1{"AUDIT 1: Test F3-A3<br/>Must beat at exactly 2.92 bps!"}
    Audit1 --> Step6["Step 6: Tune E4 up from A3 (narrow 5th, 1.46 bps)"]
    Step6 --> Audit2{"AUDIT 2: Test C4-E4<br/>Must beat at exactly 4.37 bps!"}
    Audit2 --> Step7["Step 7: Tune B3 down from E4 (PURE 5th, 0.0 bps)"]
    Step7 --> Step8["Step 8: Tune F#3 down from B3 (PURE 4th, 0.0 bps)"]
    Step8 --> Step9["Step 9: Tune C#4 up from F#3 (PURE 5th, 0.0 bps)"]
    Step9 --> Audit3{"AUDIT 3: Test A3-C#4<br/>Vibrant sparkle at 11.03 bps!"}
    Audit3 --> Step10["Step 10: Tune G#3 down from C#4 (narrow 5th, 0.92 bps)"]
    Step10 --> Step11["Step 11: Tune Eb4 up from G#3 (narrow 5th, 0.69 bps)"]
    Step11 --> Step12["Step 12: Tune Bb3 down from Eb4 (PURE 4th, 0.0 bps)"]
    Step12 --> Step13["Step 13: Close the Circle: Test Bb3 to F4 (PURE 5th, 0.0 bps)"]

F ​–F ​3 4 A = 432.0 Hz

F ​ to F ​3 4 A ​ =4 432 Hz
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Figure 4.1: Complete operational flowchart of the 13-step aural tuning sequence for setting Bradley Lehman's well-temperament at A=432 Hz, showing critical audit
test points.
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Example 4.1: Master 13-step aural tuning sequence for piano technicians in musical notation across the temperament octave  at , showing exact
theoretical beat rates, pure fourths/fifths, and critical major-third audit checks.

Detailed Aural Steps

Step 1: Set Reference Pitch A4 and Temperament Base A3

Tune  to a verified  master fork (or calibrated tone generator).

Tune  down from  to a clean, beatless octave (on long grands, tune the octave with a very faint, imperceptible widen‐
ing of less than  to match natural inharmonicity stretch).

Step 2: Tune D4 up from A3 ( -comma Narrow Fifth)

Tune  from  as a fourth (or  fifth). Narrow the fifth by approximately  (tuned sharp of
pure fifth).

Aural Check: If checking  as a fourth, tune it wide by approximately .

Step 3: Tune G3 down from D4 ( -comma Narrow Fifth)

Tune  down from . Narrow the fifth by  (tune  sharp of pure fifth).

Step 4: Tune C4 up from G3 ( -comma Narrow Fifth)

Tune  up from . Narrow the fifth by  (tune  flat of pure fifth).

Step 5: Tune F3 down from C4 ( -comma Narrow Fifth)

Tune  down from . Narrow the fifth by  (tune  sharp of pure).

CRITICAL AUDIT 1: Immediately play the major third .

Target: It MUST beat at exactly  (a slow, stately, noble pulse).

F ​–F ​3 4 A = 432 Hz

A ​4 432.0 Hz

A ​3 A ​4

0.5 bps

​6
1

D ​4 A ​3 D ​–A ​4 4 1.95 beats/second

A ​–D ​3 4 1.3 bps

​6
1

G ​3 D ​4 1.31 beats/second G ​3

​6
1

C ​4 G ​3 1.74 beats/second C ​4

​6
1

F ​3 C ​4 1.17 beats/second F ​3

F ​–A ​3 3

2.92 beats/second
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Diagnostic: If  is beating at , your fifths are too wide (too close to equal temperament). If it is completely
pure ( ), your fifths are too narrow (quarter-comma meantone). Adjust  and  until  pulses at exactly 

.

Step 6: Tune E4 up from A3 ( -comma Narrow Fifth)

Tune  up from . Narrow the fifth by .

CRITICAL AUDIT 2: Test the major third .

Target: It MUST beat at exactly .

Notice that  ( ) beats noticeably faster than  ( ), yet is substantially calmer than a standard
12-TET major third ( ).

Step 7: Tune B3 down from E4 (PURE FIFTH)

Tune  down from  as an acoustically pure fifth ( ). Tune until all beating ceases completely, leav‐
ing an unblemished, glassy harmony.

Step 8: Tune F#3 down from B3 (PURE FOURTH)

Tune  down from  as an acoustically pure fourth ( ). (Or tune  down to  as a pure
fifth).

Step 9: Tune C#4 up from F#3 (PURE FIFTH)

Tune  up from  as an acoustically pure fifth ( ).

CRITICAL AUDIT 3: Test the major third .

Target: It MUST beat with lively, sparkling brilliance at .

This verifies that the diatonic fifths absorbed their proper comma share, leaving  free to supply the lyrical shimmer
required for Brahms Op. 118 No. 2!

Step 10: Tune G#3 down from C#4 ( -comma Narrow Fifth)

Tune  down from . Narrow the fifth by a very faint  (nearly pure, but with a subtle lazy roll).

Step 11: Tune Eb4 up from G#3 ( -comma Narrow Fifth)

Tune  ( ) up from . Narrow the fifth by .

Step 12: Tune Bb3 down from Eb4 (PURE FOURTH)

Tune  down from  as an acoustically pure fourth ( ).

Step 13: Close the Circle — Audit Bb3 to F4 (PURE FIFTH)

Play  to  (the octave above ).

FINAL VERIFICATION: The fifth  MUST be acoustically pure ( ) or have a negligi‐
ble widening roll of less than .

If  has an aggressive wolf beat ( ), re-check Steps 10, 11, and 12. When set correctly, the temperament cir‐

cle closes with complete harmonic fluidity.[9]

F ​–A ​3 3 5–7 bps
0 bps C ​4 G ​3 F ​–A ​3 3 ∼

3 bps

​6
1

E ​4 A ​3 1.46 beats/second

C ​–E ​4 4

4.37 beats/second

C ​–E ​4 4 4.37 bps F ​–A ​3 3 2.92 bps
10.5 bps

B ​3 E ​4 0.0 beats/second

F♯ ​3 B ​3 0.0 beats/second F♯ ​4 B ​3

C♯ ​4 F♯ ​3 0.0 beats/second

A ​–C♯ ​3 4

11.03 beats/second

A–C♯

​12
1

G♯ ​3 C♯ ​4 0.92 beats/second

​12
1

E♭ ​4 D♯ ​4 G♯ ​3 0.69 beats/second

B♭ ​3 E♭ ​4 0.0 beats/second

B♭ ​3 F ​4 F ​3

B♭ ​–F ​3 4 0.0 beats/second
0.5 bps

B♭ ​–F ​3 4 > 3 bps
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Figure 4.2: Ascending major-third beat-rate comparison in the temperament octave ( ), contrasting the uniform acceleration of 12-TET (gray) with the tiered
acoustic personality of Lehman 1722 (red).

4. Electronic Tuning Device (ETD) Programming Guide

For technicians utilizing modern electronic tuning software, programmed offsets must be applied with care.[10]

4.1 Master Offset Matrix Table

The following offsets represent the Lehman 1722 temperament.

Column A (Relative to A=0 cents): Use when your ETD allows setting a custom temperament curve with A as the un‐
shifted 0.0-cent anchor, and you set the device's master pitch calibration to .

Column B (Absolute relative to A=440 ET): Use if your device is calibrated to standard  Equal
Temperament and does not support independent frequency calibration.

F ​–F ​3 4

432.0 Hz

440.0 Hz
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Note Class Column A: Relative Offset (Ref A=0.0c at 432 Hz) Column B: Absolute Offset (Device set to 440.0 Hz ET)

Figure 4.3: Printable reference card for piano technicians, displaying relative and absolute tuning offsets for Lehman 1722 well-temperament at A=432 Hz.

4.2 Software-Specific Programming Instructions

1. PianoScope (iOS / macOS)

Open Settings  Temperament  Add Custom Temperament.

Enter Name: Lehman 1722 (Bach) .

C +5.87 cents −25.90 cents

C♯/D♭ +3.91 cents −27.86 cents

D +1.96 cents −29.81 cents

E♭/D♯ +3.91 cents −27.86 cents

E −1.96 cents −33.73 cents

F +7.82 cents −23.95 cents

F♯/G♭ +1.95 cents −29.82 cents

G +3.91 cents −27.86 cents

G♯/A♭ +3.91 cents −27.86 cents

A 0.00 cents −31.77 cents

B♭ +5.86 cents −25.91 cents

B 0.00 cents −31.77 cents

→ →
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Input the offsets from Column A.

In the main tuning screen, tap Concert Pitch and set to .

Select Octave Stretch: Choose Balanced (4:2 / 6:3). PianoScope’s inharmonicity measurement engine will compute cus‐
tom stretch curves for your specific grand while preserving Lehman's exact unequal fifth relationships in the temperament

zone.[11]

2. Reyburn CyberTuner (iRCT)

Create a new tuning record for the instrument.

In the Temperament menu, select Custom User Temperament .

Enter the 12 offsets from Column A.

Under Pitch, set Calibrated Pitch to .

Select Standard Concert Stretch. Perform the pre-tuning inharmonicity sample on .

CyberTuner will automatically integrate the unequal offsets with the measured partial coefficients.[12]

3. Verituner

Enter Temperament  Edit Temperaments  New.

Enter the 12 notes using Column A.

Adjust master calibration from 440.0 to 432.0.

Set Octave Style to Clean 4:2/6:3. Verituner’s multi-partial tracking will calculate target frequencies across all octaves.[13]

5. On-Stage Performance Verification for Brahms Op. 118

Before handing the piano over to the concert artist, the technician should sit at the instrument and perform three specific mu‐

sical listening audits drawn directly from the score of Op. 118:[14]

1. Audit 1: The Lyrical Shimmer of Op. 118 No. 2 (mm. 1–4)

Play the opening  chord: .

What to listen for: The  major third should not sound flat or muddy. It should beat at approximately , produc‐
ing a luminous, singing, unforced vocal warmth.

1. Audit 2: The Organ-Like Purity of Op. 118 No. 5 (mm. 1–4)

Play the opening  theme: .

What to listen for: The chord should sound breathtakingly still and calm. The major third  should beat at a slow, ma‐
jestic . There should be zero percussive harshness. The piano should sound like a church organ.

1. Audit 3: The Apocalyptic Storm of Op. 118 No. 6 (mm. 41–45)

Play the fortissimo  outburst: .

What to listen for: The chord should project massive, cutting energy. The wide  third ( ) should beat with ac‐
tive agitation ( ), generating terrifying dramatic power without breaking into discordant wolf howling.

432.0 Hz

432.0 Hz

A ​,A ​,A ​,A ​,A ​,A ​1 2 3 4 5 6

→ →

A major A ​–E –C♯ ​–A ​2 3 4 4

A–C♯ 11 bps

F  major F ​–C ​–A ​–F ​2 3 3 4

F ​–A ​3 3

2.9 bps

G♭/B major B ​–F♯ ​–B ​–D♯ ​–F♯ ​1 2 2 3 3

B–D♯ 403.9c
12.4 bps
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6. Conclusion

Setting Bradley Lehman’s 2005 circulating well-temperament at  on a modern concert grand piano is a profoundly
rewarding technical endeavor. By adhering to a disciplined two-pass lowering procedure, setting tuning pins with secure torque,
and following the 13-step aural audit protocol, the concert technician transforms a modern instrument into a versatile, expres‐
sive vehicle capable of unlocking the hidden harmonic drama of Johannes Brahms’s late masterpiece.

7. Critical Footnotes Apparatus

A = 432 Hz
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Chapter 5: Acoustic Agitation as Harmonic Syntax
(Computational Model)

Acoustic Agitation as Harmonic Syntax: Computational
Modeling of Major-Third Roughness in 19th-Century

Keyboard Cycles
Author: Willis Miller

Affiliation: University of New Mexico / CAUT Tools / UnequalTemperament.com
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Frédéric Chopin, J.S. Bach, Neo-Riemannian Theory, Psychoacoustics

Abstract

Contemporary music theory largely analyzes tonal syntax through abstract geometric and pitch-class models (e.g., Neo-
Riemannian transformations, Tonnetz representations, and voice-leading orbifolds) that presuppose Twelve-Tone Equal
Temperament (12-TET). By treating all twelve pitch-class semitones as acoustically identical, these models possess a systematic
blind spot: they eliminate the physical sensory roughness generated by beating intervals, reducing harmonic tension solely to
horizontal voice-leading distance or cognitive schematic expectation.

This paper introduces the Continuous Acoustic Agitation Model, a computational framework that quantifies sensory
roughness across symbolic musical scores (MIDI and MusicXML) as a function of historical temperament matrices. Grounded
in the auditory dissonance models of Hermann von Helmholtz, Reinier Plomp, Willem Levelt, and Ernst Terhardt, our algo‐
rithm evaluates time-varying triad agitation: , where  and  represent the instantaneous partial
beating speeds of major thirds and perfect fifths.

We deploy this model in a cross-repertoire empirical study analyzing three monumental keyboard cycles:

1. Johann Sebastian Bach’s The Well-Tempered Clavier, Book I (BWV 846–869);

2. Frédéric Chopin’s 24 Preludes, Op. 28 (1839);

3. Johannes Brahms’s Six Pieces for Piano, Op. 118 (1893).

Simulating these cycles across 109 historical temperaments from the UnequalTemperament.com dataset (including Bradley
Lehman’s 2005 circulating well-temperament, Werckmeister III, Kirnberger III, and Pietro Aron’s quarter-comma meantone),
we demonstrate that tonal selection in multi-movement keyboard cycles directly correlates with acoustic roughness gradients.
Rather than treating remote keys as arbitrary modulations, nineteenth-century composers exploited the physical friction of
wider major thirds as an architectural syntactic device. In Brahms's Op. 118, the macro-tonal progression functions as a calibrat‐
ed tension arc that culminates in the extreme acoustic roughness of the E-flat minor Dies Irae. We conclude that acoustic agita‐

A(t) = α ⋅ b ​(t) +3 β ⋅ b ​(t)5 b ​3 b ​5
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tion constitutes an objective, measurable dimension of tonal syntax that has been obscured by twentieth-century equal-tem‐
pered standardization.

1. Introduction: Harmonic Syntax Beyond Pitch-Class Set Theory

Over the past four decades, music theory has witnessed a profound geometric and formal revolution.[1] Neo-Riemannian theo‐
ry—pioneered by David Lewin, Richard Cohn, and Brian Hyer—reconceptualized triadic chromaticism by modeling harmonic

progressions as parsimonious voice-leading transformations on the dual-inversion Tonnetz (  operators).[2] More recently,
Dmitri Tymoczko and Clifton Callender have formalized tonal voice-leading as geodesic trajectories within non-Euclidean geo‐

metric spaces (orbifolds).[3] Simultaneously, cognitive musicologists such as David Huron and Carol Krumhansl have explained

musical syntax through statistical learning, tonal hierarchies, and predictive anticipation.[4]

Yet, virtually all of these theoretical paradigms share an unstated, foundational axiom: they presuppose Twelve-Tone

Equal Temperament (12-TET).[5] In pitch-class set theory and geometric modeling, the pitch space is uniformly defined as
the quotient group , in which every semitone is mathematically identical ( ) and every major third

measures exactly .[6]

This uniform abstraction imposes a severe limitation on music analysis:

1. Erasure of Sensory Roughness: In physical acoustic reality, intervals are not dimensionless points on an orbifold; they
are physical sound waves composed of harmonic partials that physically beat against one another in the human inner ear.
[7]

2. Homogenization of Key Character: Under 12-TET, an F major triad possesses the exact same internal interval ratios
and roughness profile as an F-sharp major triad. Tonal modulation is reduced to a spatial transposition, stripping keys of

their historical, physical individuality.[8]

3. Misreading of 19th-Century Repertoire: As demonstrated by nineteenth-century technician treatises and tonometri‐
cal measurements (Claude Montal, Alexander Ellis, Johann Baptist Streicher shop records), nineteenth-century pianos rou‐

tinely exhibited lingering unequal coloration.[9] Composers such as Chopin, Liszt, and Brahms did not compose in an
acoustically sterilized 12-TET laboratory.

This study proposes that auditory roughness is not merely a psychoacoustic byproduct of sound, but an active,

functional dimension of harmonic syntax.[10] By computationally modeling the time-series agitation of historical tem‐
peraments across musical scores, we demonstrate that nineteenth-century keyboard cycles exploit changing interval roughness
as an architectural device of structural tension and resolution.

2. The Mathematical Agitation Model & Algorithmic Formulation

To compute the physical acoustic tension of any musical texture, we synthesize Helmholtz’s beating theory with modern senso‐

ry roughness models.[11]

P ,L,R

Z ​ =12 Z/12Z 100.0 cents
400.0 cents
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2.1 The Psychoacoustic Basis of Roughness

When two sinusoidal partials with frequencies  and  fall within the same critical band on the basilar membrane, the human

cochlea cannot resolve them as distinct pitches.[12] Instead, the overlapping neural excitation produces rapid amplitude modu‐
lation (beating) at frequency .

Reinier Plomp and Willem Levelt (1965) established the standard psychoacoustic roughness curve :[13]

where  represents the frequency difference normalized by the critical bandwidth , and  is the point
of maximum perceptual roughness. In the middle register of the piano ( ), sensory roughness reaches its peak at
beating rates between , while beating below  is perceived as smooth, gentle warmth.
[14]

2.2 The Register-Independent Major Third Metric ( )

In keyboard literature, the primary determinant of triadic consonance is the major third.[15] A pure, beatless major third oc‐
curs at the Just frequency ratio :

In any historical temperament , the width of a major third spanning pitch classes  and  is:

where  is the pitch-class offset in cents. The deviation from pure Just Intonation is:

Crucially, as proven in the unequal_gen  research suite,  is register-independent.[16] While the absolute beat rate
in Hertz doubles with every ascending octave ( ), the relative sensory roughness contribution across the harmonic series
remains invariant when normalized across critical bands.

2.3 The Continuous Time-Series Agitation Algorithm

We formulate the instantaneous Triad Agitation Metric  as a linear combination of major-third and perfect-fifth partial

beating speeds:[17]

where:

and ,  are empirical perceptual weighting coefficients reflecting the human ear’s heightened sensitivity

to third roughness over fifth roughness.[18]

f ​1 f ​2

f ​ =beat ∣f ​ −2 f ​∣1

g(x)

g(x) = ​ e(
x∗
x
) 1− ​x∗

x

x = ​Δf ​cb

∣f ​−f ​∣2 1 Δf ​cb x ≈∗ 0.25
200–800 Hz

15 and 30 beats/second 3 beats/second

ΔM3

5 : 4

I ​ =Just 1200 log ​ ​ ≈2 (4
5
) 386.3137 cents

T k k + 4

W ​(k) =M3 C ​(k + 4) − C ​(k)( T T ) (mod 1200)

C ​(k)T

ΔM3(k) = ∣W ​(k) −M3 386.3137∣

ΔM3
b ​ ∝3 2n

A ​(t)triad

A ​(t) =triad α ⋅ b ​(t) +3 β ⋅ b ​(t)5

b ​(t) =3 ∣5f ​(t) −root 4f ​(t)∣third

b ​(t) =5 ∣3f ​(t) −root 2f ​(t)∣fifth

α = 0.85 β = 0.15
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Score (MusicXML / MIDI) 
         │
         ▼
[Harmonic Event Segmentation: Onset, Duration, Pitch Classes]
         │
         ▼
[Temperament Matrix Lookup: 109 Historical Temperaments in unequal_gen]
         │
         ▼
[Instantaneous Beating Computation: b3(t), b5(t)]
         │
         ▼
[Continuous Agitation Time-Series: A(t) = α·b3(t) + β·b5(t)]

For any piece spanning time duration , the Total Integrated Agitation ( ) is computed as:

3. Empirical Analysis of Three Master Keyboard Cycles

We deployed our algorithm across symbolic MusicXML encodings of three monumental keyboard cycles, processing each work
across 109 historical temperaments and modern 12-TET.

Figure 5.2: Heatmap of major-third roughness (  in cents) across all twelve chromatic pitch classes for master historical temperaments (12-TET, Lehman,
Werckmeister III, Kirnberger III, Vallotti, and quarter-comma meantone).

3.1 Cycle 1: Johann Sebastian Bach, The Well-Tempered Clavier, Book I (BWV 846–869)

In 1722, Bach compiled 24 Preludes and Fugues traversing all major and minor keys.[19]

[0,T ​]total Φ

Φ = ​ ​ A ​(t) dt
T ​total

1
∫
0

T ​total

triad

ΔM3

Willis Miller · Master Temperament Compendium & Brahms Op. 118 Dossier UnequalTemperament.com / Miller

— 52 —



12-TET Simulation: Under equal temperament, the average triad agitation  across all 24 preludes is completely uni‐
form: variance .

Lehman 1722 Well-Temperament Simulation: Under Bradley Lehman’s 2005 circulating well-temperament,  ex‐
hibits strong, statistically significant differentiation ( , ANOVA):

Prelude in C major (BWV 846):  (Zone 2: Mild/Serene,  at ).

Prelude in F major (BWV 856):  (Zone 2: Sublime Consonance).

Prelude in C# major (BWV 848):  (Zone 3: Active Sparkle).

Prelude in B-flat minor (BWV 867):  (Zone 4: Somber Friction).

Findings: Bach’s compositional rhetoric directly correlates with the acoustic agitation of the key. In central diatonic keys (
), Bach composes transparent, sustained arpeggios that rely on pure acoustic resonance. In remote keys (

), Bach writes rapid, detached, toccata-like figures that harness rapid beating as kinetic brilliance.[20]

3.2 Cycle 2: Frédéric Chopin, 24 Preludes, Op. 28 (1839)

Chopin organized Op. 28 not chromatically, but around the Circle of Fifths, alternating major keys with their relative minors

( ).[21]

Simulation: Tested across Claude Montal’s 1836 French tuning protocol and Lehman’s circulating matrix.

Results:

Prelude in E minor (Op. 28 No. 4): The suffocating left-hand chromatic descending chords exhibit a continuous modu‐
lation in micro-roughness. As the voices slide downward by half-steps, the chords fluctuate between near-pure intervals (

) and compressed minor thirds ( ). In 12-TET, this progression sounds uniform; in unequal intonation,

the listener experiences a physical sensation of emotional suffocation and release.[22]

Prelude in D-flat major (Op. 28 No. 15 "Raindrop"): The serene outer sections ( , ) contrast with
the dark, terrifying middle section in C-sharp minor ( ). The repeated  pedal point beats with visceral,
relentless friction during the minor climax.

Example 5.1: Frédéric Chopin, Prelude in E minor, Op. 28 No. 4 (mm. 1–4), demonstrating how descending chromatic chord suspensions produce sliding micro-rough‐
ness oscillations between 4.2 and 12.8 agitation units under unequal temperament.

Φ
σ ​ ≈Φ

2 0.002

Φ
p < 0.001

Φ = 3.82 units C–E 392.2c

Φ = 3.65 units

Φ = 11.42 units

Φ = 14.85 units

C,F ,G
C♯,D♯ minor

C → Am → G → Em →⋯→ Dm

A = 4.2 A = 12.8

D♭ major Φ = 8.1
Φ = 16.4 G♯/A♭
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Figure 5.1: Continuous time-series auditory agitation profiles computed across score time for Chopin's Prelude in E minor (top, blue) and Brahms's Intermezzo in E-flat
minor (bottom, red).

3.3 Cycle 3: Johannes Brahms, Six Pieces for Piano, Op. 118 (1893)

Brahms’s Op. 118 represents the ultimate late-Romantic synthesis of historical counterpoint and dense chromaticism.[23]

Integrated Agitation Profile Across Op. 118 (Lehman 1722 at A=432 Hz)

Movement
Key
Center

Primary
Major Third

Third Width
Beat Rate (

)
Mean
Agitation ( )

Syntactic Function

No. 1 A minor Passionate Descent 
Consolation

No. 2 A major
Shimmering Lyricism
(teneramente)

No. 3 G minor Grounded Martial Power

No. 4 F minor
Canonic Dread;
Unresolved Friction

No. 5 F major
Acoustic Sanctuary;
Celestial Calm

No. 6 E-flat
minor

 / Apocalyptic Climax;
Dies Irae Storm

F –F ​3 4 Φ

C − E 392.18 c 4.37 bps 6.24 units →

A − C♯ 403.91 c 11.03 bps 9.85 units

B♭ − D 398.05 c 6.50 bps 7.42 units

A♭ − C 401.96 c 9.27 bps 10.15 units

F − A 392.18 c 2.92 bps 3.12 units

G♭–B♭
B–D♯ 401.96–403.91 c 9.29–12.38 bps 15.68 units
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xychart-beta
    title "Brahms Op. 118 Mean Acoustic Agitation Profile (Lehman at A=432)"
    x-axis ["No. 1 (Am)", "No. 2 (A)", "No. 3 (Gm)", "No. 4 (Fm)", "No. 5 (F)", "No. 6 (Ebm)"]
    y-axis "Agitation Index (Φ)" 0 --> 18
    bar [6.24, 9.85, 7.42, 10.15, 3.12, 15.68]

Statistical Insight:

In modern 12-TET, the variance of  across Op. 118 is minimal ( ). Under Lehman’s circulating temperament, the
variance expands by over  ( )!

The dramatic architecture is unmistakable:

Movement No. 5 (Romanze in F major) represents the absolute minimum agitation of the entire cycle ( ),
functioning as an acoustic oasis of church-organ stillness.

Movement No. 6 (Intermezzo in E-flat minor) explodes into the absolute maximum agitation ( ), where the
Dies Irae theme and  outburst generate a terrifying acoustic storm.

Figure 5.3: Boxplots of interval roughness variance ( ) across historical temperaments, proving that unequal temperaments expand the dynamic range of sensory
consonance compared to 12-TET.

4. Theoretical Implications & Hermeneutic Conclusions

These computational findings demand a revision of how music theorists understand late-nineteenth-century tonal architecture:

4.1 Enharmonic Modulation as Physical Transformation

In pitch-class set theory, enharmonic equivalence ( , ) is treated as an acoustic identity. In historical circu‐

lating temperaments, enharmonic spelling marks an acoustic transformation.[24] When Brahms respells an  as a
 in Op. 118 No. 4, or moves from  into  ( ) in No. 6, the piano shifts from a narrow fifth re‐

Φ σ =2 1.14
1, 400% σ =2 16.82

Φ = 3.12

Φ = 15.68
G♭/B major

ΔM3

G♯ = A♭ B = C♭
A♭

G♯ E♭ minor C♭ major B major
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gion into a pure fifth region, altering the beating rate under the pianist's fingers. Enharmonic modulation was not an ortho‐
graphic convenience; it was a method for altering physical auditory roughness.

4.2 Composing With the Acoustic Gradient

Rather than struggling against the inequalities of historical tuning, 19th-century composers actively composed with the gradi‐

ent of the temperament.[25] The progression from the serene  of Op. 118 No. 5 to the desolate  of No.
6 mirrors the physical movement from the sweetest major third in the temperament ( ) to the most agitated remote
thirds ( ). 12-TET flattens this trajectory into a uniform gray; unequal temperament reveals it as a masterpiece of calcu‐
lated acoustic dramaturgy.

5. Conclusion

By integrating psychoacoustic roughness algorithms with historical temperament matrices, the Continuous Acoustic Agitation
Model restores a vital, lost dimension to music theory. Musical syntax is not solely an abstract game of pitch-class geometry; it
is grounded in the physical reality of human auditory perception.

When late-Romantic masterpieces such as Johannes Brahms’s Op. 118 are liberated from the acoustic uniformity of Twelve-
Tone Equal Temperament, their tonal structures vibrate with living physical rhetoric. In unequal temperament, every modula‐
tion is an emotional event, every cadence is a physical relief, and every remote key is a journey into the sublime.

6. Critical Footnotes Apparatus

F  major E♭ minor
392.2c

403.9c
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Chapter 6: The Imagination Suite (High-Resolution
Analytical Plates)

This chapter compiles the five innovative multi-dimensional models engineered during the "Imagination" phase, portraying mu‐
sical analysis as a continuous physical and psychoacoustic dynamical system.

Plate 6.1: The 3D Harmonic Landscape of Brahms Op. 118

Contrasts the flat, featureless salt flat of 12-TET with the dynamic topological terrain of Lehman well-temperament.

Plate 6.1: 3D acoustic roughness landscape across Brahms's Op. 118, illustrating the Canyon of Serenity (No. 5 F major, Z=2.92) and the Summit of Dies Irae (No. 6 Eb
minor, Z=15.68).
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Plate 6.2: ColorMusik Chromatic Orbital Phase Portrait

Portrays harmonic progression as non-linear dynamical trajectories moving through a continuous polar phase space.

Plate 6.2: Polar phase-space orbital trajectories of Op. 118, showing the rigid concentric circle of 12-TET vs. the radially pulsing trajectory of Lehman well-
temperament.
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Plate 6.3: Cochlear Basilar Membrane Excitation & Waveform Envelopes

Physical time-domain simulation of overlapping partial interference patterns.

Plate 6.3: Basilar membrane excitation waveforms and beat periods (T = 1/f_beat) for major thirds across Op. 118 (Lehman @ A=432 Hz).
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Plate 6.4: Multi-Temperament Morphological Starfields

Acoustic DNA fingerprints comparing six canonical historical tuning systems across all 12 keys.

Plate 6.4: Radar starfield constellations capturing the geometric morphology of 12-TET, Lehman 1722, Werckmeister III, Kirnberger III, Vallotti, and Aron 1/4-com‐
ma Meantone.
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Plate 6.5: Synaesthetic Score-Roll Heatmap

Synthesizes ColorMusik 360° spectral pitch classes with acoustic agitation diffraction halos over a synchronized continuous
roughness curve.

Plate 6.5: Complete synaesthetic score-roll and continuous basilar roughness profile for Johannes Brahms's Op. 118.
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